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Streszczenie

Modele neuronowe oparte na iterowaniu odwzorowania sa waznym narzedziem w modelowaniu dy-
namiki neuronéw i moga by¢ traktowane jako istotna alternatywa dla zwykle bardziej kosztownych
obliczeniowo modeli ciggtych lub hybrydowych. Jednak ze wzgledu na ich dyskretng nature, ich $cista
analiza matematyczna moze by¢ trudna. W naszej pracy koncentrujemy sie na badaniu dwoéch dobrze
znanych modeli opartych na odwzorowaniach zaréwno od strony teoretycznej jak i numerycznej oraz
dostarczamy algorytmy do okre$lania marszrut orbit okresowych.

W pierwszym artykule badamy dyskretny model dynamiki neuronalnej wprowadzony przez Chia-
lvo [Chaos, Solitons & Fractals 5, 1995]. W szczegolnosci pokazujemy, ze jego zredukowana jednowy-
miarowa wersja moze by¢ traktowana jako niezalezny, prosty model aktywnosSci neuronowej, w kto-
rym wejScie oraz ustalona warto$¢ zmiennej regeneracyjnej stanowia parametry. Ten jednowymiarowy
model nadal wykazuje bardzo bogata i zr6znicowana dynamike. Wykorzystujac fakt, ze odwzorowa-
nie, ktorego iteracje definiuja dynamike napiecia, jest S-unimodalne, szczegétowo opisujemy zaréwno
zachowanie okresowe, jak i wystepowanie réznych rodzajéw chaosu, wskazujac odpowiadajace im
regiony w przestrzeni parametréw. Nasze badanie uzupelmiamy réwniez analizg bifurkacyjng wspo-
mnianego modelu dynamicznego.

Model Courbage’a, Nekorkina i Vdovina (CNV) jest analizowany w drugim artykule. Przegladamy
i rozszerzamy niektére istniejagce wyniki dotyczace B-transformacji oraz rozszerzajacych odwzorowan
typu Lorenza. Nastepnie stosujemy je do wyprowadzenia istotnych wilasnosci sekwencji impulséw
(spike-trains) generowanych przez model CNV oraz wyjasniamy ich implikacje dla zachowania neu-
ronéw. W szczegdlnosci, wykorzystujac najnowsze twierdzenia teorii rotacji dla odwzorowan typu
Lorenza, dokonujemy klasyfikacji okresowych wzorcéw impulséw w tym modelu.

W trgecim artykule analizujemy dynamike modelu CNV, w ktérym pierwotnie funkcja przedzia-
fami liniowa definiujaca dynamike napiecia zostaje zastapiona przez wielomian trzeciego stopnia z
dodatkowym parametrem kontrolujagcym nachylenie. Pokazujemy, ze na duzym podzbiorze wielowy-
miarowej przestrzeni parametréw odwzorowanie powrotne dynamiki napiecia jest rozszerzajacym
odwzorowaniem typu Lorenza. Analizujemy zaréwno zachowanie chaotyczne, jak i okresowe tego
uktadu oraz opisujemy ztozono$¢ wzorcéw impulsowania generowanych przez neuron. Osiggamy to
poprzez wykorzystanie i rozszerzenie wynikéw z teorii odwzorowan typu Lorenza oraz ich rozszerza-
jacych wariantow.

W czwartym artykule, nawigzujac do wynikéw teoretycznych Gellera i Misiurewicza [Int. J. Bifur-
cation Chaos 28, 2018], przedstawiamy procedure umozliwiajaca okreslenie marszrut zdecydowanej
wiekszosci orbit okresowych odwzorowan typu Lorenza. Dostarczamy sprecyzowane algorytmy wraz
z gotowymi do uzycia narzedziami obliczeniowymi dostepnymi w otwartych repozytoriach. Poniewaz
odwzorowania typu Lorenza pojawiaja sie jako poduktady wielu ztozonych modeli i sg powszechne w
réznych zastosowaniach, nasze wyniki otwieraja nowe mozliwosci badania ich struktury okresowe;j.



Abstract

Map-based neuron models are an important tool in modelling neural dynamics and sometimes can be
considered as an alternative to usually computationally costlier models based on continuous or hybrid
dynamical systems. However, due to their discrete nature, rigorous mathematical analysis might be
challenging. Overall, we concentrate our work on studying two well-known map based models both
theoretically and numerically and provide algorithms for determining itineraries of periodic orbits.

In the first article we study a discrete model of neuronal dynamics introduced by Chialvo [Chaos,
Solitons & Fractals 5, 1995]. In particular, we show that its reduced one-dimensional version can
be treated as an independent simple model of neural activity where the input and the fixed value of
the recovery variable are parameters. This one-dimensional model still displays very rich and varied
dynamics. Using the fact that the map whose iterates define voltage dynamics is S-unimodal, we de-
scribe in detail both the periodic behaviour and the occurrence of different notions of chaos, indicating
corresponding regions in parameter space. Our study is also complemented by a bifurcation analysis
of the mentioned dynamical model.

The Courbage, Nekorkin and Vdovin (CNV) model is studied in the second article with a special
focus on the piece-wise linear version. We review and extend some of the existing results concerning
B-transformations and (expanding) Lorenz mappings. Then we apply them for deducing important
properties of spike-trains generated by the CNV model and explain their implications for neuron be-
haviour. In particular, using recent theorems of rotation theory for Lorenz-like maps, we provide a
classification of periodic spiking patterns in this model.

When the originally piecewise linear function defining voltage dynamics is replaced by a cubic
polynomial, with an additional parameter responsible for varying the slope, the CNV model displays
interesting dynamics that is addressed in the third article. Showing that on a large subset of the
multidimensional parameter space the return map of the voltage dynamics is an expanding Lorenz
map, we analyze both chaotic and periodic behaviour of the system and describe complexity of spiking
patterns fired by a neuron. This is achieved by using and extending some results from the theory of
Lorenz-like and expanding Lorenz mappings.

In the fourth article, following theoretical findings of Geller and Misiurewicz [Int. J. Bifurcation
Chaos 28, 2018], we outline a procedure that allows for determining the itineraries of vast majority of
periodic orbits of Lorenz-like maps. We provide explicit algorithms with ready-to-use computational
tools available in open repositories. Since Lorenz-like maps arise as subsystems of many complex
models and are prevalent in various applications, our results open a way of investigation of their
periodic structure.
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1 | INTRODUCTION

In the last decades, many different types of neuron models have been developed, including conductance-based models
(with the pioneering example of the experimentally derived Hodgkin-Huxley model! or Morris-Lecar model ) and other
models based on continuous dynamical systems, that is, differential equations (e.g., FitzHugh-Nagumo model >*), models
based on discrete dynamical systems, that is, iterates of functions (so-called map-based models), up to hybrid models which
combine ordinary differential equations (accounting for input integration) with discrete events (resetting mechanism
accounting for action potential); see, for example, earlier studies.>® In this paper, we study the following map-based
neuron model, introduced in Chialvo®:

Xns1 = f(Xn, yn) = x% exp(yn — Xn) + k, (la)

Yn+1 = 8(%n, ¥n) = ayn — bxn +c. (1b)

This model will be referred to as the 2D Chialvo model (or full Chialvo model). In the 2D Chialvo models (1a) and (1b),
X is a membrane voltage potential (the most important dynamical variable in all the neuron models) and y is so-called
recovery variable. The time-constant a € (0, 1), the activation-dependence b € (0, 1), and the offset ¢ > 0 are the real
parameters connected with the recovery process. In turn, k > 0 can be interpreted as an additive perturbation of the

11906 | © 2023 John Wiley & Sons, Ltd. wileyonlinelibrary.com/journal/mma Math Meth Appl Sci. 2023;46:11906-11931.
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voltage. In our analysis, the one-dimensional subsystem
Xpr1 = f (n, T) = X5 €XP(r — Xn) + k, )

where r € R is a parameter, will be referred to as the 1D or reduced Chialvo model.

Other examples of map-based models are, among others, Cazelles-Courbage-Rabinovich model,' different types of
Rulkov models,'!"!* or Courbage-Nekorkin-Vdovin model.!* In particular, the work of Zhong et al'® is devoted to the non-
chaotic Rulkov model,'? where the analysis, similarly as in our case, firstly concerns bifurcations in the one-dimensional
reduced model, that is, fast subsystem describing the evolution of the membrane voltage, and shows that it produces fold
and flip bifurcations. This subsystem also produces chaos as it is shown by numerical simulations. Different examples of
map-based neuron models are discussed, for example, in review articles'®!” (see also references therein).

In this work, we obtain rigorous characterization of chaos and co-dimension-one bifurcations of fixed points in the
subsystem (2), relevant for the classification of bursting neurons. Before we start, let us summarize the known results on
Chialvo model and introduce notations. Obviously, the fixed points (xf, yr) of the full model must satisfy

x; =X} exp(ys —Xs) +k,
yr = (c=bxp)/(1~a).

In particular, for k = 0, the point (xy,, y5,) := (0,¢/(1 — a)) is always a stable fixed point of the system as can be seen by
calculating corresponding eigenvalues which are 0 and a (and a < 1 by the assumption). Further, as Chialvo observed,’
when b < a, the initial part of the trajectory with initial condition (x, y;,) where x ~ 0 can be well described by the 1D
Chialvo model (2) withk = 0and r = y; = ¢/(1—a). Therefore, in this parameter regime, among others, the 1D subsystem
gives the information about initial dynamics following the small perturbation of the resting state x = 0 in the full model.
A few other observations for k > 0 (referring mainly to the situation where systems (1a) and (1b) have exactly one fixed
point (xs, yr)) were made already in Chialvo's work,” including identification of some regions of bistability (coexistence
of stable resting state and stable periodic oscillations) and regions of chaotic-like behavior interspersed with subregions
of periodic behavior.

For more results on the full model, we also refer the reader to the more recent works.'31° In particular, Jing et al'® studied
analytically the existence and stability of the fixed points, conditions for existence of flip, fold, and Hopf bifurcations and
chaos in the sense of Marotto's definition. Further, it numerically reports various period doubling bifurcations and routes
to chaos, periodic windows in transient chaotic regions and strange chaotic and nonchaotic attractors, whereas the work
of Wang and Cao ' illustrates numerically the existence of interesting structures in parameter space.

As our work is mainly concerned with the one-dimensional subsystem (2), we have only briefly described above the
findings on the full 2D model. However, we go back to the analysis of the full model at the end of the paper. Let us also
observe that for0 < e =1 —a = b = ¢ < 1, systems (1a) and (1b) can be seen as a slow-fast (discrete) system, that is, the
system of the form

xn+1 = f(xl’h J’n)’ (33)
Vn+1 = Yn + €8(Xn, ¥n), (3b)

where € — 0 is a small parameter. For this particular assumptions on parameters, the separation of timescales in the
Chialvo models (1a) and (1b) is explicit. However, for many other choices of parameter values, the timescale separation is
not so explicit but still visible in simulations. In this case, the voltage variable x and the recovery variable y can be referred
to as fast and slow variables, respectively. Consequently, while x,, describes spiking behavior, y, acts as a slowly changing
parameter (with time-scale variation ¢ <« 1) that modulates the spiking dynamics.

Models of the form (3a) and (3b) are usually analyzed by firstly assuming that ¢ = 0 and treating (3a) as a quazi-static
approximation of (3a) and (3b) with parameter y, = y. If for some values of y (3a) exhibits equilibrium dynamics (due
to the existence of a stable fixed point) and for some other values it exhibits periodic dynamics (due to the existence
of a stable periodic orbit), then bursting in systems (3a) and (3b) occur because slowly varying y, acts as bifurcation
parameter that makes the dynamics of x switching between these two regimes (similar approach can be applied for ODE
bursting systems, compare, e.g., with Rinzel?®). Therefore, bursting behavior in the above neuron model is indeed directly
connected with the types of bifurcations present in the fast system (3a) (correspondingly, in (1a) or (2)). According to this
observation, in Izhikevich and Hoppensteadt,?! the classification of bursting mappings was obtained, taking into account
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that there are only four possible co-dimension-one bifurcations of a stable fixed point in maps (3a) that lead to its loss
of stability or disappearance (fold, SNIC-saddle node on invariant circle bifurcation and supercritical and subcritical flip
bifurcations) and only five co-dimension one bifurcations of a stable periodic orbit, which make the dynamics settle on a
stable equilibrium afterwards (SNIC, homoclinic bifurcation, supercritical flip bifurcation, fold periodic orbit bifurcation,
and subcritical flip of periodic orbits bifurcation). The former bifurcations correspond to transition from resting to spiking
frequently (i.e., the onset of bursting), the later ones to the transition back to resting and their combination defines the
type of burster in a given neuron model. We also remark that classification of bursting types in ODEs neuron models
was discussed, for example, in Bertram et al>?> and Rinzel?° as well as in the recent article?® (see also review article 2 and
references therein).

Itis also worth pointing out that, contrary to most of the 2D map-based models, the recovery variable y in Chialvo model
enters the voltage Equation (1a) not in additive but in multiplicative way and changes the shape of the first return map
Xn & Xp41 = f(Xy,y) of the x variable in a complicated nonlinear way instead of just shifting the x-nullcline upward or
downward. Therefore understanding how the map f, x(x) := x* exp(r —x) + k depends not only on the additive parameter
k but also on the parameter r is helpful for the analysis of the overall model. In fact y variable in the Chialvo model can also
be intended to represent fast, not slow dynamics (as already mentioned in the review article!”). When playing with the
2D model we have often observed that for many parameters configurations y variable quickly stabilized at certain value
ys while the voltage variable x still evolved in an oscillatory way. In such a case types of voltage oscillations can be well
explained by understanding the dynamics of the 1D model with corresponding value of parameter r = y,; (we exemplify
this in section 3.4).

The main aim of this paper is to study the 1D Chialvo model using the methods of one-dimensional dynamics. According
to our best knowledge, it has never been pointed out that the map describing the membrane voltage evolution in the
Chialvo model is an S-unimodal map and thereby there are no results on this model, which use the theory of S-unimodal
maps. This basic observation that we make allows to draw relevant conclusions for this map, as well as, in some cases, for
the whole model itself. Another example of the occurrence of unimodal maps in the context of neuron dynamics is the
adaptation map of the bidimensional integrate-and-fire model®> (however, this unimodal map is given in a very implicit
way and hardly ever exhibits negative Schwarzian derivative). In addition, it may be worth pointing out that various
discrete systems similar to the 1D Chialvo model, for example, the logistic family Q(x) = Ax(1 — x), the Ricker family
R(x) = Axexp(—px), and the Hassell family H(x) = Ax/(1 + x)?, have been the subject of both theoretical and numerical
intensive research study since the mid-1970s (see for instance earlier studies 26-30).

Let us also note that f(z) = z2 exp(r — z) + k (for the fixed complex values of parameters r and k) can be seen as an
example of a complex entire transcendental analytic function of finite type, that is, having finite number of critical and
asymptotic values. Since such maps exhibit, in general, different dynamical properties than polynomials, their complex
dynamics (Julia and Fatou sets, etc.) has been studied extensively since the early 1980s (see 3!-33 and the references given
there). However, the approach presented in this paper is focused on one-dimensional methods and, in consequence, we
do not make use of complex dynamics theory in our paper.

The organization of the paper is as follows. In Section 3 we examine the existence and stability of fixed points and
corresponding bifurcations in the one-dimensional Chialvo model (2). Section 4 is devoted to the study of the dynamical
core of the 1D Chialvo map. Further, in Section 5 we provide the description of periodic and chaotic behavior of the model
making use of the fact that (2) is given by an S-unimodal map. To ease our analysis, we introduce basic concepts and
definitions of the theory of S-unimodal maps in Section 2. Finally, concluding remarks are presented in Section 6 at the
end of the paper.

2 | BASIC DEFINITIONS

2.1 | Unimodality and Schwarzian derivative

We say that an interval map f : I — I has negative Schwarzian derivative if f is of class C* and

" " 2
Sf(x)::f (x)_§<f (x)) <0
X 2\ f'x)

forallx € I\ {cl fle) = 0}. Points at which f’(c) = 0 are called critical points. The Schwarzian derivative was introduced
in one-dimensional dynamics by D. Singer,** but its origins go back to H. Schwarz and 19th century complex analysis.
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A continuous interval map f : I = [a,b] — I is called unimodal if there is a unique maximum c in the interior of
I such that f is strictly increasing on [a, ¢) and strictly decreasing on (c, b]. For simplicity, the term unimodal will also
require that either a is a fixed point with b as its other pre-image or that I = [ ), f (c)] . A unimodal map with negative
Schwarzian derivative is called S-unimodal.

The itinerary of x under f is the sequence s(x) = (o515, ... ) Where

0 if fi)<e,
s;=41 if fi(x)>c,
C if fix)=c.

The kneading sequence K(f) of f is the itinerary of f(c), i.e., K(f) = s(f(c)).

2.2 | Bifurcations
Let xo be a fixed point for f. The point X, is called hyperbolicif | f'(x)| # 1. The number u = f”(xo) is called the multiplier
of the fixed point. Consider a one-dimensional discrete dynamical system depending on a parameter a

x— f(x,a), x€R, a eR, 4

where f is smooth with respect to both x and a. Let x, be a hyperbolic fixed point of the system. While the parameter a
varies, the hyperbolicity condition can be violated. The bifurcation associated with the appearance of the multiplier y = 1
is called fold or tangent and with the appearance of the multiplier 4 = —1 flip or period doubling. Alternatively, a fold
bifurcation is called a saddle node bifurcation. Let us recall a classical result concerning these bifurcations (3> Th-41and 4.3y,

Theorem 1. Suppose that a one-dimensional system (4) with smooth f, has at a = 0 the fixed point xo = 0. Let y :=
%(0, 0). If 4 = 1 and the following conditions are satisfied,

(A1) 2L©,0)#0,
42) Z©,0#0,

then a fold bifurcation occurs at the fixed point xy = 0 for the bifurcation value a = 0.
On the other hand, if u = —1 and the following conditions are satisfied,

1(0%f 2 103f

(B1) 5(@(0, 0)) +3550.0#0,
2f

(B2) 702 (0,0) # 0,

then a flip bifurcation occurs at the fixed point x, = 0 for the bifurcation value a = 0.

Remark 1. Based on the nonlinear stability of the fixed point at the bifurcation point, we distinguish two cases for the
flip bifurcation. If the quantity

*f )>2 10%f
3 ox3

9f(0,0) :=%<W(O’O +-—=(0,0)

in the (B1) condition above is positive, the fixed point loses its stability at the bifurcation value and new sta-
ble two-periodic orbit emerges, in which case the flip bifurcation is called supercritical. Otherwise, that is, when
Qf(0,0) < 0, the fixed point turns unstable as it coalesces with an unstable two-periodic orbit and the bifurcation is
called subritical.

2.3 | Attractors

A set ' is called forward invariant if f(I') = T. The w-limit set (or forward limit set) of x is defined as

w(xX)= ﬂneN{ @)k > n}, where A stands for the closure of A. Let B(I') denote the basin of attraction of a forward
invariant set I', that is, BI") = {x|w(x) C I'}. A forwards invariant set Q is called a metric attractor if B(Q) satisfies:

1. B(Q) has positive Lebesgue measure;
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2. if Q' is another forward invariant set, strictly contained in €, then B()\B(’) has positive measure.

We will need two well-known results concerning attractors for unimodal maps with negative Schwarzian derivative
(e.g.,Thunberg?®- Th- 4 Cor. 5and Th. 6) 1 et x be a periodic point of period n. Its periodic orbit is called neutral if |(f")(x)| = 1.

Theorem 2. An S-unimodal map can have at most one periodic attractor, and it will attract the critical point. Moreover,
each neutral periodic orbit is attracting.

By a periodic attractor in the above statement, we obviously mean an attracting periodic orbit, that is, a periodic orbit
which is a forward limit set for each point in some of its neighborhood.

Theorem 3. Let f : I — I be an S-unimodal map with nonflat critical point. Then f has a unique metric attractor Q,
such that w(x) = Q for almost all x € I. The attractor Q is of one of the following types: an attracting periodic orbit, a
Cantor set of measure zero, and a finite union of intervals with a dense orbit. In the first two cases, Q = w(c).

The attractor described in Theorem 3 as a finite union of intervals will be called an interval attractor for brevity.

3 | BIFURCATIONS IN THE CHIALVO MODEL

We start with the observation that will be crucial for our further analysis.

Proposition 1. The map f(x) = x* exp(r — x) + k has negative Schwarzian derivative for all r,k € R.

Proof. By the definition of the Schwarzian derivative,

Sf(x)__1x4—8x3+24x2—24x+12 103 —4x+2P+4(x -1 +4
2 (2x — x2)? 2 (2x — x2)? ’

This is obviously negative for all x (even for x equal to 0 or 2 we have Sf(x) = —o0), which completes the proof. []

Thus, the function whose iterations define the reduced Chialvo model (2) is an S-unimodal map, when restricted to
an appropriate invariant subinterval of [0, o), as will be discussed in details in the next section. However, let us firstly

examine bifurcations of fixed points of the map f,x, when k > 0 is fixed and r acts as a bifurcation parameter.

We will discuss flip and fold bifurcations of fixed points for the reduced Chialvo model. Loosing stability of the fixed
point and emergence of the stable periodic orbit in case of the flip bifurcation is relevant for the onset of bursting in the full
2D model. Let us also mention that other co-dimension-one bifurcations of fixed points, as well as bifurcations of periodic

orbits responsible for the onset or termination of bursting in map-based models, are summarized in Izhikevich and Hop-

pensteadt?! (with examples of models and corresponding voltage plots), which provides classification of one-dimensional

and two-dimensional slow-fast bursting mappings with the implications for neuron's computational abilities.

3.1 | Flip bifurcation

Theorem 4 (flip bifurcation). Let k > 0 be fixed. For ry = Xy —In (xo(xo — 2)) (or equivalently ry = xp+1n ((xo -k /x(z)) ),
the 1D Chialvo map undergoes a supercritical flip bifurcation at the fixed point xo = (k + 3 + k> — 2k + 9)/2.

Proof. Any fixed point x, of the map f,(x) = x? exp(r — x) + k must satisfy the fixed point condition xo = xZ exp(r —
Xp) + k. Simultaneously, the multiplier condition for the flip bifurcation gives

[} 1 60) = Xo €xp(ro — %0)(2 — Xo) = —1.

It follows that (when k > 0) the candidate x, for the flip bifurcation satisfies xo > max{2, k} and (xy—k)(x0—2)/x0o = 1.
The last equation, regardless of the value of k, has always two roots xp; = (k+ 3 — Vk? —2k+9)/2 and xp, =

(k+3+Vk? — 2k + 9)/2. However, X, ; violates the condition thatxg > k. Thus, X = Xo,. The formula for the parameter
value r, follows from the multiplier condition (or equivalently the fixed point condition), and the condition (B2) of

Theorem 1 can be easily verified as direct calculations give %(xo, ro) = —1 # 0. Similarly, the negative value of the
Schwarzian derivative immediately implies that the condition (B1) is also satisfied, as Q f (xy,r0) = —Sf /3, and the
bifurcation is supercritical. O
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The flip bifurcation, for k = 0, is numerically illustrated in Figure 1 with the help of the cobweb diagram.

3.2 | Fold bifurcation

Theorem 5 (fold bifurcation). Let k € [0,3 — 2\/5) be fixed. Then the 1D Chialvo model undergoes a fold bifurcation
with r as a bifurcation parameter. In particular, for k = 0 and ry = 1, the map in (2) displays a fold bifurcation at
the fixed point xo = 1. In turn, for fixed 0 < k < 3 — 2\/5, there are two values of the bifurcation parameter, ro; =
Xo1 — In((2 — xp1)x01) and 102 = Xo2 — In((2 — X02)X02), With corresponding values of bifurcating fixed points given,

respectively, asxo; = (k+1— Vk*—6k+1)/2andxp, = (k+1+ Vk? -6k +1)/2.

Proof. Assume k = 0. From the fixed point condition x? exp(r — x) = x and the multiplier condition f'(x) = x exp(r —
X)(2 —x) = 1, we easily obtain that the only candidate for the bifurcation point and parameter value is a pair (x, ¥o) =
(1,1). It is also immediate to verify that for these values, the conditions (A1) and (A2) of Theorem 1 are satisfied.

For k > 0, the situation is a bit more complicated. Firstly, the fixed point condition x? exp(r — x) + k = x and
the multiplier condition x = 1 yield that the fold bifurcation is only possible for k < 2 and the candidate x; for the
fixed point undergoing bifurcation must satisfy k < x; < 2. Combining the multiplier condition with the fixed point
condition gives (2—xp)(xo—k)/Xo = 1 or equivalentlyxé —(k+1)xp+2k = 0. The discriminant of this equation k? —6k+1
must be nonnegative which leads to further restriction on admissible values of k, namely, k < 3-2 \/5 Now, the above
quadratic equation has the roots xy; and x,, as stated in the theorem, which both belong to the interval (k, 2). When
Xo = Xp1 OT Xog = X, the corresponding values of the bifurcation parameter (ry; and ry;) can be easily derived from
the multiplier condition x, exp(r — x0)(2 — Xo) = 1. We need to verify the conditions (A1) and (A2) at points (X1, 70.1)
and (Xo2, ro2)- The latter one can only be violated when Xy ; = 0 or xp; = k (correspondingly, Xy, = 0 or xp, = k). But
these two cases have been excluded. As for (A1), %(x, r) = exp(r —x)((x — 2)? — 2), and thus, direct calculations show

5 5 5
4 4 4
3 3 3
2 2 2
1 1 1
00 1 2 3 4 5 00 1 2 3 4 5 O0 1 2 3 4 5

FIGURE 1 Flip bifurcation in the 1D Chialvo model with r as a bifurcation parameter (k = 0). Left: r = 1.85. Center: ¥y = 3 — In 3
(bifurcation value). Right: r = 2. [Colour figure can be viewed at wileyonlinelibrary.com]

2.0 2.0 2.0
15 15 — 1.5
—
1.0 1.0 1.0
0.5 0.5 0.5
O'%.O 0.5 1.0 1.5 2.0 O'%.O 0.5 1.0 1.5 2.0 0'%.0 0.5 1.0 1.5 2.0

FIGURE 2 Fold bifurcation in the 1D Chialvo model with r as a bifurcation parameter (k = 0). Left: r = 0.92. Center: r = 1 (bifurcation
value). Right: r = 1.25. [Colour figure can be viewed at wileyonlinelibrary.com]
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that ‘?;Tf(xo, ro) = 0 (for (xp, 70) € {(X01,¥01), (X02,702)}) only for k = 3 — 2\/5. Hence, the restriction k < 3 — 2\/5 in

the theorem on the fold bifurcation (we notify that k = 3 —24/2 is the degenerate case whenxg; = xp2 = 2— \/5). O
The fold bifurcation with respect to r (k = 0) is presented in Figure 2.

3.3 | Bifurcations with respect to k

Let us consider now k as a bifurcation parameter in the reduced Chialvo model. Since %(x, k) = 0, the fundamental
condition for the occurrence of a flip bifurcation is not satisfied here. However, the analysis of a fold bifurcation versus
the parameter k is still possible, which is discussed below.

Theorem 6 (fold bifurcation with respect to k). Let r > 2 — \/5 —In (2\/5 - 2) be fixed. Then there is a unique point

x(r) and a unique parametr value k* such that x(r) is the fixed point of the 1D Chialvo map in the interval (0,2 — \/E) for
k = k* and x(r) undergoes a fold bifurcation with respect to k at the bifurcation value k*. Moreover, the fixed point and
the the bifurcation value are related by the equation

x(r)

k* = x(r) - 2_—x(r)

Proof. Observe that forr > 2 — \/5 —In (2\/5 - 2), the multiplier equation
2x—x*)exp(r—x) =1
has a unique solution x(r) in the interval (0, 2— \/E). Since the fixed point and the multiplier conditions read as follows:

x*exp(r —x) + k =x,
2x —x})exp(r —x) =1,

one obtains that x(7) is the fixed point if and only if k = x — zf(—;()r) It remains to check the fold bifurcation conditions
from Theorem 1. But both conditions (A1) and (A2) are obviously satisfied under our assumptions, which completes
the proof. O

Figure 3 illustrates an example of the fold bifurcation with respect to k. Namely, for r = 0.8, the fixed point x(r) = 0.4695
undergoes a fold bifurcation, with bifurcation parameter k* = 0.1627.

3.4 | Implications for the 2D Chialvo model and neural activity

We notify that often,the knowledge about the reduced subsystem (2) gives insight into the dynamics of the full model
in a properly chosen parameters range. Figures 4 and 5 present the behavior of the voltage x and the recovery variable y
over simulation time of n = 80 iterates for a = 0.876 and ¢ = 0.28 and initial conditions (Xinit, Vinit) = (5, 3). The trace

0.5 0.5 0.5
0.4 0.4 0.4

0.3 0.3 0.3

0.2 02| 02

0.1/ 0.1 0.1

990 01 02 03 04 05 980 01 02 03 04 05 980 01 o2 03 04 05

FIGURE 3 Fold bifurcation in the 1D Chialvo model with k as a bifurcation parameter (r = 0.08). Left: k = 0.151. Center: k = 0.1627
(numerical bifurcation value). Right: k = 0.18. [Colour figure can be viewed at wileyonlinelibrary.com]
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s—

0 20 40 60 80
n-th iteration

FIGURE 4 Bursting of period 4 in the 2D Chialvo model (left) and the corresponding period 4 orbit in the reduced model (right). See text
for details. [Colour figure can be viewed at wileyonlinelibrary.com]

0 20 40 60 80
n-th iteration

FIGURE 5 Resting of the voltage in the 2D Chialvo model (left) and the corresponding stable fixed point in the reduced model (right). See
text for details. [Colour figure can be viewed at wileyonlinelibrary.com]

of the voltage x is marked in red and of the recovery variable y in blue. For b = 0 (Figure 4), we observe stabilization
of yatr; := y = 2.258 and bursting of period 4 for the voltage variable. Small increase in the parameter b to b = 0.02
(Figure 5) yielded, for the same initial conditions, stabilization of the recovery variable at r, := y ~ 1.8, and resting of
the voltage at x ~ 2.84 after initial damped oscillations. The corresponding reduced models given by iterates of f;, x=o
and f, x—o, respectively, display (except for the superattracting fixed point x, = 0) attracting period 4 periodic orbit and
nonzero stable fixed point x; ~ 2.84, correspondingly. Both cobwebs present the orbit starting at x = 5. In Figure 5, the
first 80 iterates are depicted, whereas Figure 4 shows only iterates between 60 and 80 for clarity.

Our bifurcation results (Theorems 4-6) confirm that a single neuron in the reduced Chialvo model is able to exhibit
diverse activity regimes and periodic state transitions. Since quiescence plays the fundamental role in the analysis of
neuronal activity, it seems to be crucial to describe the basic possible scenarios that fixed states of the model can undergo.
Recall that the bifurcation parameters r (Theorems 4 and 5) and k (Theorem 6) coincide, respectively, with the recovery
variable of the 2D Chialvo system and the additive voltage perturbation. Note that, in general, the flip bifurcation, which
usually starts the period doubling route to chaos (compare with Section 5), corresponds to transition from quiescence to
regular tonic spiking, while the fold bifurcation corresponds to appearance of new resting states.

However, our main motivation behind studying the 1D Chialvo model is not to show that it well approximates the
dynamics of the full 2D model but to point out that the 1D system itself represents very rich dynamics. Indeed, within
some parameters range, the behavior of the 1D map might be even more complicated. For example, while experimenting
numerically with the Chialvo model, we have found that with the parameters set as a = 0.866, b = 0.05, ¢ = 0.48, and
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k = 0, the trajectory starting from the initial conditions (Xinit, yinit) = (2.8, 1.5) converges numerically to the period 4 cycle
{(x()a y0)7 (xla y1)7 (X2, J’z)» (x37 )’3)} Wlth

Xo Yo X1 N X2 y2 X3 y3
1.4646 2.2539 4.7230 2.3586 2.0970 2.2864 5.3144 2.3552

On the other hand, the corresponding 1D model (with k = 0 and xipix = 2.8) showed period 4 periodic attractor for
r € {yo,y2} and period 12 periodic attractor for r = y; and chaotic interval attractor for r = y;, which agrees with our
numerically obtained bifurcation diagram for the Chialvo map f, with k = 0 (not shown here but similar to that from
Figure 7). In Figure 6, we present, starting from top left in clockwise direction, the time-series of x- and y-variables for
the 2D model and the corresponding trajectories of the reduced model (with x;,i; = 2.8 after removing a transient of 970
iterates) with r = y,, r = y;, and r = y;, respectively. This behavior exemplifies that sometimes the reduced model might,
counter-intuitively, show more complicated dynamics than some of its 2D extensions. Therefore, understanding of the
1D model bifurcation structure seems to be a relevant standalone topic.

We close this section with Figure 7 which shows one-parameter bifurcation diagrams for the 1D Chialvo model, obtained
in Python. One can observe that the r dependence for the Chialvo family is similar to the parameter dependence in the
logistic family, while the k dependence is similar to that in the Gauss family (with respect to the additive parameter).

4 | DYNAMICAL CORE OF THE CHIALVO MAP

Recall that our definition of unimodality requires that either the left endpoint of the interval domain I of the map f is a
fixed point with the right endpoint of the interval as its other pre-image or that I = [ o), f (c)], where c is the critical

970 980 990 1000
n-th iteration

FIGURE 6 Regular period 4 bursting in the 2D model and the behavior of the reduced model in the corresponding range of r parameter
values. See main text for details. [Colour figure can be viewed at wileyonlinelibrary.com|
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FIGURE 8 Interval [ f%(c), f(c)] as a dynamical core (¢ = 1/2 is a critical point). [Colour figure can be viewed at wileyonlinelibrary.com]

point (maximum) of f. In this case, we say that the interval I is the dynamical core of f, that is, the invariant interval where

all nontrivial dynamics concentrates. An example of the dynamical core for some unimodal map is showed in Figure 8.
Below we discuss the form of the dynamical core I, for f,.x(x) = x* exp(r — x) + k with respect to parameters k and r in

order to justify that the map f, describing the 1D Chialvo model is S-unimodal on an appropriate subinterval of [0, +0).

41 | Casek=0
Let us firstly consider the case k = 0 and the corresponding map f.o(x) = x? exp(r — x). The map f, has exactly

« one fixed point xy = 0,
« two fixed points: xo = 0 and x; satisfying 0 < x; < 2,
« three fixed points: Xy, x; and x, satisfying xy = 0, 0 < x; < X;.

In the first two instances, the dynamics is trivial. Namely, every initial condition is attracted either by the superattracting
fixed point xo or by the semistable fixed point x; (if exists). Configuration with three fixed points splits into two cases, the
second with two subcases:
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1. X2 < 2,
2. Xp > 2:subcase 2.1. x; is stable, subcase 2.2. x, is unstable.

Of course, there is also a special case when x, = 3 undergoes flip bifurcation (when 2 < x, < 3, then x; is stable and if
X, > 3 then it is unstable as follows from simple calculations in the part concerning flip bifurcation). Cases 1. and 2.1. are
again trivial. Therefore, for our further developments, we shall be interested in case 2.2. Note that under this condition, x;,
satisfies x, exp(—x,) = exp(—r), and for the derivative, we have | f/ 0(x2)| = |2 — x3| > 1. Therefore, with the increase of r,
the fixed point x, > 3 moves further to the right and remains unstable. Simultaneously, the fixed point x; remains to the
left of ¢ = 2 and is unstable. If, moreover, x; < f 20(2) then the interval [ f 20(2) frk(2)] can be treated as the dynamical
core of the map f o, because every initial condition x € (x;, ) is after a few iterates mapped into [ f 20(2) frk(2)]. On the
other hand, all the points in (0, x;) are monotonically attracted to the resting state x, = 0. We are mainly interested in this
case, thatis, when x; & [ f 20(2) fro(2)], which holds at least for some interval of r-values (see Lemma 1 and Remark 2).

4.2 | Casek >0

Now let us consider the case k > 0. Note that when k > 2, the dynamics of f,; is actually trivial: indeed, for k >
there is exactly one fixed point x, which is located on the right (decreasing) part of the graph (i.e., xo > k > 2). As also

fk(Z) > k > 2, the interval [2, f,x(2)] is an invariant interval and every initial condition x € R is after at most one
iterate mapped into this interval. On the other hand, as f, is strictly decreasing on this interval, every initial condition
x € R\{xp} is actually attracted to x, (if X is attracting) or to period 2 periodic orbit (if x, is not attracting). Obviously, in
this case, the dynamical core can be set as [ £2(2), £(2)].

Therefore, assume that 0 < k < 2. Then (especially for small values of r) one possibility is that f, has only one fixed
point xy, which is located on the left branch: xy < 2. Note that in this case, X, is globally attracting, and thus, this is the
trivial case. If xy is a unique fixed point but x, > 2, then, depending on r, the fixed point x, can be either stable or unstable,
but, as 1} 2 (2) > k = f,x(0), we can set the interval [ I} 2 (2) Sfrk(2)] as the dynamical core, which contains exactly one
fixed pomt Xo > 2. Lemma 1 asserts that this always holds for r large enough.

The situation when f,  has exactly two fixed points is very rare (it holds, e.g., when there is a fixed point x, > 0 and the
other fixed point x; = x; is just undergoing the fold bifurcation). Thus, the effective complementary case for unique fixed
point X is the situation when there are exactly three fixed points 0 < Xy < x; < X, and necessarily then x; < 2. If also
X, < 2, then every initial condition (except x; ) is attracted either to x or to x;,. It follows that for 0 < k < 2, the nontrivial
generic case with three fixed points is the situation when 0 < xp < x; < 2 < X, (with X, that can be stable or unstable).
If fr%k(Z) < x1, then as a dynamical core, we set [xy, yo], Wwhere y, € fr‘k1 (0) and yy # X (note that such a point y, exists
since f;x(x) = k < xpasx — o). Then f,x : [Xo, o] = [Xo, yo] matches the definition of the unimodal map. On the other
hand, if fr%k(Z) > X1, we can assume that the dynamical core is [ f fk(Z), frk(2)] (the map f; restricted to this interval is
unimodal).

4.3 | Auxiliary results on dynamical core

This subsection contains several results concerning the dynamical core of the 1D Chialvo map, which will be of our
interest in the next section (e.g., in the proof of Theorem 11). The technical proofs of Lemmas 1 and 2 are postponed to
Appendix A.

Lemma 1. Forany 0 < k < 2, there exists r* = r*(k) such that for all r > r*(k), we have

F20) < ¢ < frle), (5)

where f,x(x) = x? exp(r — x) + k is the 1D Chialvo map and ¢ = 2 is its critical point. Moreover, for k # 0, the value of
r*(k) can be chosen such that, in addition, for r > r*(k), the interval | frzk(c), fri(c)] contains exactly one fixed point x.

Remark 2. For k = 0, demanding that (5) is satisfied and simultaneously there are no fixed points in [ ffo(c), Sfro(©)]
to the left of ¢ requires some more specific range of r values. Indeed, for k = 0, the map can have three fixed points
X = 0,0 < x; < 2,and x, > 2 with x; that actually can fall into the interval [ f 2 0(0), fro(c)]. We have verified
numerically that for any r € [2.1,2.97], inequality (5) is satisfied with f, Zo(c) > x;. In turn, for r = 2, we have
ffo(c) 2.1654 > ¢ = 2 (violating (5)) and for r = 2.98 fzo(c) <x; as f7,(c) = 0.0526 and x; ~ 0.0535.

85US017 SUOWIWIOD) A1) 3|edldde ay) Aq pausenob e sapie YO ‘8sn J0 3| oy AfeiqiT auljuQ AS|IA UO (SUONIPUOD-PUR-SLLBIAWOD" A3 | 1M Aeiq 1 puluo//:Sd1Y) SUOIPUOD pue SWis | 83U} 89S *[202/T0/T0] Uo ArigiauliuQ A3)iA ‘ABojouyss | JO A1sieAlun seps Aq 8TT6BWW/Z00T OT/I0p/Wod A8 | 1M Afeid 1 pul|uo//sdny woij papeojumod ‘TT ‘€202 ‘9.7 T660T



TRUJILLO ET AL. Wl L EY 11917

Remark 3. Consequently, the interval [ ffk(c), frx(©)] (in the proper parameter regime, i.e., r > r*(k) for k € (0, 2) and
r € [2.1,2.97] for k = 0) can be treated as dynamical core of f,, which contains exactly one fixed point, namely,
Xr > 2.

The next lemma assures that with r large enough, the fixed point x; mentioned above is unstable.

Lemma 2. Forany 0 < k < 2, there exists r*(k) such that for all r > r*(k), the map f.x has an unstable fixed point
Xr > 2.

Corollary 1. Foreveryk € [0, 2), there exists an interval [ry, 1] of positive r-values such that for any r € [ry, 1], the map
frx has an attracting fixed point x; > 2.

The above corollary can be easily justified taking into account the proof of Lemma 2 and the fact that for a S-unimodal
map f every fixed point x; with | f'(x;)| <1 is attracting.

5 | PERIODIC VERSUS CHAOTIC BEHAVIOR

The 1D Chialvo map (2) except for regular behavior due to the existence of stable fixed points or periodic orbits can also
exhibit chaotic behavior. There are many different notions of chaos (see Aulbach and Kieninger*®), with the most promi-
nent one probably due to Devaney.’” The common point of most of these definitions is some sort of sensitive dependence
on initial conditions. In our approach, we will consider both metric chaos associated with the existence of the absolutely
continuous invariant probability measure (acip), which, as we recall below, for S-unimodal maps can be identified with
some strong sensitive dependence on initial conditions and topological chaos corresponding to the classical definitions
of Li and Yorke, Block and Coppel, and Devaney.

5.1 | Periodic attractors

Since the reduced Chialvo map is S-unimodal and its critical point is nondegenerate, the following two theorems are
immediate consequences of Theorems 2 and 3.

Theorem 7. The 1D Chialvo map (2) can have at most one periodic attractor and this attractor attracts the critical point
c=2.

Let I' be a periodic orbit with period n and let AT") = (f")'(x) for x € I'. It is clear that |A(T')| € [0, 1) implies that I’
is attracting. However, since f is S-unimodal, by Theorem 2, also neutral periodic orbits (i.e., such that |A(I')| = 1) are
attracting.

Theorem 8. The 1D Chialvo map has a unique metric attractor A which is a limit set w(x) for almost all initial conditions
x. This attractor is an attracting periodic orbit, a Cantor set of measure zero, or a finite union of intervals with a dense
orbit (so-called interval attractor).

We say that two unimodal maps f and g are combinatorially equivalent if there exists an order-preserving bijection
R 1 Upsof™(c) = Upsog"(¢)) such that h(f"(c)) = g"(¢’) for all n > 0, where ¢ and ¢’ are critical points of f and g. In other
words, f and g are combinatorially equivalent if the order of their forward critical orbit is the same.

Let us present the following general mathematical observation, which might be known to specialists in one-dimensional
dynamics but probably lacks clear references as follows, for example, from Remark 4 below.

Lemma 3. Assume that f and g are S-unimodal maps. If f has a period 2 attracting orbit and g has a period 3 attracting
orbit, then f and g are not combinatorially equivalent.

Proof. Let A denote a periodic attractor and c a critical point. Since w(c) = A, starting from some iteration, the order
of the critical point orbit is the same as the order on the periodic attractor. Obviously, the orders of a two- and a

three-periodic orbit are different, which is our claim.
Remark 4. In Schreiber,?8 it is stated that a map with an attracting equilibrium and a map with a period 2 attracting

orbit are not combinatorially equivalent, which in general is not true.

Let us also formulate a conjecture which generalizes Lemma 3 and which we believe is true.
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Conjecture 1. Let f and g be S-unimodal maps, m > k and m # 2k. If f has an attracting periodic orbit with a prime
period m and g has an attracting periodic orbit with a prime period k, then f and g are not combinatorially equivalent.

The following useful result can be found in Kozlovski.?*- T™-€

Theorem 9 (Kozlovski). Let A C R* beopen and { f, } ;4 be an analytic family of unimodal maps with a nondegenerate
critical point and negative Schwarzian derivative. If there exist two maps in { f,} that are not combinatorially equivalent,
then there exists a dense subset © of A such that f, has a stable attracting periodic orbit for every A € ©.

The next result describes the subset in parameter space corresponding to periodic attractors.

Theorem 10. The set of parameters for which the 1D Chialvo map f.x has a stable attracting periodic orbit forms a
dense subset of

1. ther parameter space R when k € [0, 2) is fixed,
2. the (r, k) parameter space R X [0, 2).

Proof. Letk € [0, 2) be fixed. Clearly, for some r, the map f,, has a period 2 attracting orbit and for some other rit hasa
period 3 one. Consequently, Lemma 3 guarantees that the family { £ x } contains two maps that are not combinatorially
equivalent. Alternatively, to obtain two such maps, we can use the kneading sequences from the proof of Corollary 2.
Since all other assumptions of Theorem 9 are obviously satisfied, the assertion of the first statement of our theorem
follows the Kozlovski theorem. Finally, the second statement of our theorem follows from the first one. O

5.2 | Metric chaos

The following theorem guarantees that 1D Chialvo maps are strongly chaotic with positive frequency in parameter space.
As we have mentioned above, strong chaos here is associated with the existence of acip measure. Below we present the
rigorous proofin the case k = 0 and conclusions of numerical analysis for the case k € (0, 0.58). Here and subsequently, 6
denotes the Dirac measure at the point x and supp(u) the support of a measure u. Moreover, recall that a map f is called
a Misiurewicz map if it has no periodic attractors and if critical orbits do not accumulate on critical points, that is, when

C;Nw(Cy) = @,

where C; denotes the set of critical points of f. For a parametrized family of maps { f,}, the values of parameters for
which f, are Misiurewicz maps are called Misiurewicz parameters. An example of such a parameter in the logistic family

Q) = ux(1 —x)is u = 4.
For fixed k, let f.(x) := x? exp(r — x) + k and let I, C [0, o) denote the dynamical core of f, (see Section 4 for details).

Theorem 11. Let k = 0 be fixed. There exists a positive Lebesgue measure set R such that forallr € R:
o themap f; : I, > I, admits an absolutely continuous invariant probability measure u, such that
n-1

= lim X Y 8 foraa xel, (6)

n—
Rl (s

that is, u, describes the asymptotic distribution of almost all orbits under f,,
« the unique metric attractor of the map f, is an interval attractor A,; moreover, A, = supp(u,) and u, is equivalent
to the Lebesgue measure on A,.

In consequence, for each r € R, the Lyapunov exponent of f, is positive, that is,
lim %log IDfF(x)| =Kk >0 fora.a. x €I, @)
n—oo

where D denotes the derivative with respect to x.
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Proof. The statements of the above theorem follow from some nowadays classical results on S-unimodal maps, for
example, from Theorem 18 and Corollary 19 in Thunberg,?® provided that the below-listed conditions C1-C6 are
satisfied for some interval of parameters r:

C1. {f,}isaone-parameter family of C?> unimodal maps of an interval I (in general the interval I can vary with the
change of the parameter r, i.e. I = I,),

C2. each f; has a nondegenerate critical point c,

C3. the map (x,r) = (f(x), Dy fr(X), Dy f1(X)) is ct,

C4. each f; has a repelling fixed point on the boundary of I,

C5. there is a parameter value r* such that the critical orbit is mapped onto an unstable periodic cycle P* in a finite
number of steps (this implies that f, is a Misiurewicz map),

C6. the map moves with the parameter at r* in the following technical sense

L) = D # 0,
:

where x(r) is a point of I and P(r) is an unstable periodic orbit such that

« 1> x(r) is differentiable,

« x(r*) = fr(0),

» P(r) moves continuously with r,

« x(r) is mapped onto P(r) in the same number of steps as x(+*) and onto the corresponding point of P(r)

(existence of such a point and orbit is guaranteed by the perturbation theory).

We are left with the task of checking all these conditions. We will see that in fact only C5 and C6 might pose a
problem.

Ad C1-C3. It is easy to see that in our situation, the first three conditions do not require any justification.

Ad C4. The condition C4 can also be formally achieved by properly extending the map f, beyond its dynamical
core [f2(c), f(c)] which does not effect its dynamics as all the points in I will after a few iterates be mapped into
the dynamical core. Recall that by Lemma 1 for each k = 0 and r = r(k) large enough, we can set [ f2(c), f,(c)] as
a dynamical core such that there are no fixed points in [f2(c), f»(c)] except for x, located on the decreasing branch
of f,ie, x> 2.

Ad C5. We will show that there exists a map f;+ such that the critical point c is mapped in a few steps onto the
unstable fixed point. Such a map is necessarily a Misiurewicz map. Let us only remind that Misiurewicz maps can be
found in a number of ways, and our idea of the proof is chosen for simplicity. We will call r* the Misiurewicz parameter.

Let us firstly justify that the fixed pointx, > 2 is unstable for the r-parameter values used in further estimation of the
Misiurewicz parameter. Let x; be a fixed point of f(x) = x? exp(r—x). Then for x; # 0, we have x; exp(—x;) = exp(—r).
The right-hand side of this equality decreases with r, and similarly, the left one is a decreasing function of x forx, > 1
(we are interested in x; > 2). Therefore, the value of the fixed point x; > 2 also increases as r increases, that is, with
the increase of r, the fixed point x, > 2 moves further to the right. Since f'(x;) = xy exp(r —x;)2 —X;) =2 —xy, X7 is
unstable whenever x; > 3. In our below estimation of the Misiurewicz parameter, we consider r € (2.43,2.44). As for
r > 2.43, we certainly have x; > 3, x is unstable in this parameter range (taking into account the above arguments
and our previous estimation of flip bifurcation r value, x; remains unstable fixed point for all » > r, ~ 1.901).

We show the existence of the Misiurewicz parameter in the interval r € (2.43,2.44). Namely, we prove that for
the parameter value r* &~ 2.436, the critical point ¢ = 2 is mapped onto the unstable fixed point after exactly three
iterations. We make use of the cobweb diagram, instead of using numerical approximations methods. Let d(r) be
the distance between the third iteration of the critical point x. = 2 and the corresponding fixed point x,(r), that is,
d(r) = f3(2,r) — x;(r). Although we do not have an explicit expression for the fixed point, d(r) represents a smooth
function in r. Since d(r) changes sign in the interval 2.43 < r < 2.44, that is illustrated in Figures 9 and 10, by the
intermediate value theorem, there exists r* € (2.43,2.44) such that d(r*) = 0, and therefore, the critical point is
mapped onto the fixed point in three iterations. Note that in this way, we have obtained actually a rigorous proof of
the existence of a Misiurewicz map and the numerics were only used for estimation of the Misiurewicz parameter.

WILEY—222
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FIGURE 9 Lower estimation of the Misiurewicz parameter (case k = 0): d(r) > 0 for r = 2.43. Left: iterations of the critical point. Right:
close-up of cobweb around the fixed point. [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 10 Upper estimation of the Misiurewicz parameter (case k = 0): d(r) < 0 for r = 2.44. Left: iterations of the critical point. Right:
close-up of cobweb around the fixed point. [Colour figure can be viewed at wileyonlinelibrary.com]

Ad C6. We will verify the condition C6 numerically as in Thunberg.?® Let us define f(x,r) = f,(x), and f*(x,r) =
Fx, r), r) = f(x) for n > 1. For r close to r*, we may define ¢(r) by the formulas

§(r) = fr-(0) and f2(L(r),r) = 2(n),

where c is the critical point and z(r) is an unstable fixed point of f, (see Lemma 2). This means that {(r) is a point close
to f,(c) with the same type of forward orbit as f;+(c). We abbreviate f({(r),r) to {1(r). The condition C6 now reads

d
d—(é’(") — £ )| # 0.
p
By the definition of ¢, we have the following:

¢ (of (o “(dz of of
E—(a(é’ﬂ’)) {(a(é&")) <a—5(§1,")>—5(é”r)}

_dz exp+&—2r)  Gexp( —rT) ¢

Cdr L2-02-0) t2-02-&) 2-¢

®)

Observe that all the partial derivatives in (8) can be computed explicitly. To find the value of %, we differentiate

the implicit formula for fixed points z? exp(r — z) = z, which gives % = Z_il In consequence, to check the condition

85LB017 SUOWIWIOD BA11e8.D 3 qedt dde au Aq peusenob a.e saolie YO ‘SN JO Sa|n. 1oy Akeid178U1IUQ AB[IM UO (SUORIPUOD-PUR-SLLIBY WD A8 | 1M Aed| Ul Uo//ScY) SUOTIPUOD Pue Swie | 8u) 89S *[202/T0/T0] uo Akeiqiauliuo Aojim ‘ABojouyoe 1 JO ASAIN %8epS AQ 8TT6BUWIL/ZOOT OT/I0P/W0D A8 | AReiq iUl |uo// Sty Wo.j pepeojumod ‘TT ‘€202 ‘9/FT660T


http://wileyonlinelibrary.com
http://wileyonlinelibrary.com

TRUJILLO ET AL. Wl L EY 11921

C6, we need only the previous estimation of the Misiurewicz parameter (r* ~ 2.436) and the similar estimation of the
corresponding fixed point (z(r*) ~ 3.761). The final calculations (done in MATLAB) are presented in the first column
of Table 1. As we see, %(Zj (r)— f(c, )|, = —3.851, so it is nonzero, which shows that the condition C6 is satisfied
and completes the proof. O

Remark 5. Unfortunately, when k > 0 we are not able to prove rigorously that the conditions C5 and C6 are satisfied for
all k in this range. However, we can provide numerical justification of both the existence of the Misiurewicz parameter
r* (C5) and the nonzero value of the term I" = i (éj (r) = f(c, )|~ (C6) for some values of the parameter k between
0 and 0.58. Recall that, by Lemma 2, for any 0 < k < 2, there exists 7 = (k) such that for all r > 7, the map f; has
an unstable fixed point x; > 2. It occurs that for k € (0, 0.58], one can proceed in much the same way as in the case
k = 0 to show that there exists r* such that the map f,- is a Misiurewicz map. We simply search for r* such that the
third iteration of the critical point is mapped onto the unstable fixed point (this method does not work for k > 0.58).
The calculation of the term I is also similar as in the case k = 0. Formula (8) still holds, but £ 5 = Em;)(z—f—H—ZZ—ZZ

k > 0. The results of our numerical analysis are summarized in Table 1. Note that only the last row of Table 1 does
not display monotonic behavior. Finally, in Figure 11, we present plots of the Misiurewicz parameter r* and the term
I" from the condition C6 as functions of the parameter k € [0,0.58] (in both cases the step size is 0.001). Observe the
rapid growth of the value of I" near k = 0.58.

We finish this subsection with a result showing that in the Chialvo model, two cases (periodic attractors and acips)
occupy a set of full measure in parameter space. Namely, the following classical theorem from Avila et al.*>>™ B can
be applied in the analysis of the reduced Chialvo map. The original result is more general, as it considers the class of
quasiquadratic maps, which contains S-unimodal maps with a nondegenerate critical point. Recall that a one-parameter
family of S-unimodal maps is called trivial if all maps have the same kneading sequence, and the multipliers of any
nonrepelling orbits are the same for all maps.

TAB}E 1 Data for estimation of Term k=0 k=001 k=01 k=03 k=05 k=055 k=0.58
=& €O = SEn) | for r* 2436 2439 2461 2535 2681 2759 2851
some k in [0,0.58]. 2(r*) 3761 3.768 3.830 3.999 4254 4367 4.491
£=¢0) 6.186  6.215 6443 7130 8403  9.095 9.948
o =a0" 0.900  0.895 0874 0814 0731  0.697 0.662
L) 2335 2.335 2383 2594 3491  4.433 6.426
U e,r) 6.186  6.205 6.343 6830 7903  8.545 9.368
=% 2cr) 3851 -3870  -3960 -4236 —4412 -4112  —2942
sal : : = : : 7
=261 8
24 L L L 1 1
0 0.1 0.2 0.3 0.4 0.5
k
3 \
3.5
-4
45 ‘ ‘ ‘ i :
0 0.1 0.2 0.3 0.4 0.5

FIGURE 11 The Misiurewicz parameter r* (upper plot) and I' = % &) = f(c,n)|,= (lower plot) as functions of the parameter
k € [0,0.58] (step size 0.001). [Colour figure can be viewed at wileyonlinelibrary.com]
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Theorem 12 (Avila, Lyubich, de Melo). Let A C R be open and let { f;},c4 be a nontrivial real-analytic family of
S-unimodal maps with a no-degenerate critical point. Then for Lebesgue-almost all parameter values A € A the map, f;
has either a periodic attractor (such a map is called regular) or an interval attractor supporting an acip (such a one is
called stochastic).

Proposition 2. If k € [0,2) is fixed, then for Lebesgue-almost all parameters v, the 1D Chialvo map f, has either a
periodic attractor or an interval attractor supporting an acip.

Proof. 1t suffices to show that the 1D Chialvo family with respect to r is nontrivial. However, when k € [0, 2), our
family contains two maps with the kneading sequences of the form (CC ...) (the critical point is fixed) and (C1 ...)
(the critical point is on the left from the fixed point), which is our claim. O

5.3 | Topological chaos

Let us start this subsection with three classical definitions of topological chaos for discrete dynamical systems given by
Li and Yorke (*!), Block and Coppel (*?), and Devaney (*’). The relations among these three definitions of chaos for
continuous maps are comprehensively explained in Aulbach and Kieninger.3¢ Recall that = denotes the sequence space on
the two symbols {a = (apa1a; ...)|a; = Oora; = 1} with the metric d(a, §) = Zfio |a; — b;| /2. The shift mapo : £ - X
is given by (apaia; ...) — (@1azas ...). From now on, assume that X is a compact metric space and f : X — X is
continuous.

Definition 1 (L/Y-chaos). A map f is called chaotic in the sense of Li and Yorke (L/Y-chaotic for short) if there exists
an uncountable subset S (called scrambled set) of X with the following properties:

1. lim sup d(f"(x), f"(y)) > O0forallx,y € S, x # y,
2. lim iorif d(f"x), f"(y)) =0forallx,y e S,x # y,
3. lim sup d(f"(x), f"(p)) > Oforallx € S, p € X, p periodic.

n—oo0

Definition 2 (B/C-chaos). A map f is called chaotic in the sense of Block and Coppel (B/C-chaotic for short) if there
exists m € N and a compact f™-invariant subset Y of X such that /™|y is semiconjugate to the shift on Z, that is, if
there exists a continuous surjection i : Y — X satisfying ho f/™ = cohonY.

Definition 3 (D-chaos). A map f is called chaotic in the sense of Devaney (D-chaotic for short) if there exists a compact
invariant subset Y (called a D-chaotic set) of X with the following properties:

1. fly is topologically transitive,
2. the set of periodic points Per(f|y) is dense in Y, i.e., Per(f|y) =Y,
3. fly has sensitive dependence on initial conditions.

The following result provides the sufficient condition for the existence of topological chaos in the 1D Chialvo model in
all the above senses.

Theorem 13. Ifthe 1D Chialvo map f satisfies the condition
f2(@) < f3(c) < ¢ < f(c) (c =2 is the critical point), 9)
then it is chaotic in the sense of Li and Yorke, Block and Coppel, and Devaney.

Proof. Letxy = cand x; = f(x;_1) for i = 1,2, 3. By the intermediate value theorem, the map f : [x,Xx1] — [X2,X1]
has a unique fixed point z € (xp, x;). Observe that

f ([x2,%]) = [x3,%1] D [z,x1] and f ([x0,2]) = [z, x1],

and in consequence,
[x27z] = [xz’xo] V) [XO’ Z] C fz ([x27x0]) N f2 ([XO’ Z]) .
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FIGURE 12 Topological chaos values (red dots) for the 1D Chialvo model in (r, k) parameter plane. [Colour figure can be viewed at
wileyonlinelibrary.com]

Hence, f2 is turbulent, that is, there are nonempty closed subintervals J, K of [x,, x;] with disjoint interiors such that
JUK ¢ f2(J) n f2(K). By Aulbach and Kieninger,3% F°P-33 the map f : [x,x1] — [x2,x1] is B/C-chaotic. Moreover,
by Aulbach and Kieninger,3 ™ 41 this is equivalent to being D-chaotic and by Aulbach and Kieninger,3¢- ™ 42 this
implies being L/Y-chaotic. U

Remark 6. 1t is worth pointing out that according to the above definitions of chaos, the map is chaotic if it displays
chaotic behavior on a nonempty compact invariant subset of the dynamical core (not necessarily on the whole domain
interval), and this set can be small both in the sense of measure and category. Notice also that the above proof works
for an arbitrary unimodal map, whose critical point satisfies (9).

It occurs that the sufficient condition from Theorem 13 is actually satisfied for some range of parameters in the
Chialvo model.

Proposition 3. Fork = 0and 2.6 < r < 2.9, the 1D Chialvo map f, satisfies (9) and, in consequence, is chaotic in the
sense of Li and Yorke, Block and Coppel, and Devaney.

The technical proof of Proposition 3 is postponed to Appendix B.

Remark 7. When k > 0, by means of numerical simulations, we are able to observe a dependence between values of r
and k for which the condition (9) from Theorem 13 is satisfied. However, it is difficult to obtain an interval for » where
all the inequalities are satisfied independently of the values of k. Figure 12 below depicts the result of a numerical
simulation in MATLAB. We plot values of r and k for which condition (9) is satisfied. The intervals of study for both
parameters are: 2 < r < 14 with step size 0.025 and 0 < k < 0.35 with step size 0.002. The short of the program and
the table with computed parameter values can be found in an open repository.*?

5.4 | Conclusions for the neuron activity analysis

It should be emphasized that the standalone 1D model (2) is able to reproduce a wide range of interesting neuronal behav-
iors (similarly to its 2D counterpart). In Figure 13, we show two examples of voltage trajectories. The trajectory with initial
condition xjn;; = 2.2 and parameter values k = 0.1 and r = 2.45 displays “chaotic” spiking with subthreshold oscillations
(depicted on the left), which can be also classified as (nonregular) MM(B)Os (mixed-mode (bursting) oscillations), that is,
spikes (or bursts) interspersed with small (“subthreshold”) oscillations. Note that Theorem 11 guarantees that for k = 0,
the set of parameters r for which the model that exhibits “strongly chaotic” behavior (chaotic spiking/ bursting, irregular
MMOs, etc.) is “observable” (has a positive Lebesgue measure). However, the estimation of its actual size is a completely
different and much harder task (see, e.g, Luzzatto and Takahasi**). Moreover, for k = 0, “weak chaotic” behavior of the
model is even more clearly “visible” as, according to Proposition 3, it occurs for the set of parameters r containing a “quite
big” interval.
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FIGURE 13 Chaotic spiking with subthreshold oscillations (left) and regular mixed-mode oscillations after initial adaptation (right) in 1D
Chialvo model (for parameter values see main text). [Colour figure can be viewed at wileyonlinelibrary.com]|

On the other hand, for the same value of r and k increased to k = 0.2, the neuron with initial voltage value xj,;; =
2.25 exhibits, after initial adaptation, regular MMOs (depicted on the right). In this case, both spikes and subthreshold
(nonspikes, i.e., low amplitude) oscillations occur periodically. Observe that, according to Theorem 10, periodicity and
asymptotic periodicity (periodic spiking/bursting, phasic spiking/bursting, regular MMOs, etc.) are the most “common”
types of behavior of the model under consideration.

It is worth notifying that MM(B)Os can play an important role in neuron's information processing but for nondiscrete
models can occur only in higher dimensions (continuous models require at least three dimensions and for hybrid models,
with continuous subthreshold dynamics, starting from two dimensions; see Rubin et al.”). Actually, during our numerical
experiments with the 1D Chialvo model, we have also encountered, for example, regular tonic spiking and phasic spiking.

Moreover, observe that, due to Theorem 8, if we restrict ourselves to the dynamical core, then the reduced Chialvo model
cannot directly exhibit bistable behavior (coexistence of periodic and chaotic attractors) for fixed values of parameters r
and k, because the 1D Chialvo map admits a unique metric attractor, which in general is periodic, solenoidal, or interval
but with full probability periodic or interval (see Proposition 2). However, chaotic behavior in the dynamical core can,
of course, coexist with an attracting fixed point outside the dynamical core. Moreover, the substitute of bistability effect,
that is, interweaving of periodic and chaotic attractors in the 1D model can be also observed while varying the parameter
r corresponding to the second (recovery) variable of the 2D model. This is formally assured by Theorems 10 and 11.

Various oscillations modes in the reduced Chialvo model, as we have seen, are closely related to the existence of periodic
attractors. Restricting the domain of the initial conditions to the dynamical core, we know that there is at most one
attracting periodic orbit since the map is S-unimodal. Hence, if the 1D model exhibits periodic oscillations, then this
(asymptotically) periodic spike pattern is unique among observed oscillations modes (for fixed parameters r and k). The
arrangement of smaller and larger oscillations (spikes) and their amplitudes depend on the itinerary of this attracting
periodic orbit. In particular, period 2 attracting orbit (with points on different sides of the critical point c) corresponds
to tonic regular spiking (when each spike has the same amplitude and length of each interspike interval is the same).
However, for many parameter values, the system exhibits also chaotic-like (not regular) oscillations since there are ranges
of parameters when the map is chaotic. Therefore, determining values of parameters corresponding to various oscillations
modes firstly demands providing exact bifurcation diagram of the map f, in the (7, k)-plane. This, however, would be a
very challenging task since even with one parameter fixed the system undergoes cascades of rapid bifurcations. This is
exemplified in Figure 7. In fact, left panel of this figure allows to conclude, approximately, values of r (for k = 0.05 fixed)
corresponding to resting and periodic oscillations with periods 2, 4, 8 (and perhaps more) as well as ranges of chaotic (or
very large period) oscillations. The second panel of this figure provides analogous information for varying k and r = 2.6
fixed. Note, however, that in all the cases, small change of the parameter might cause onset of chaos or quite sudden
disappearance of chaotic behavior. Approximate regions in (r, k)-parameter space when chaotic oscillations might occur
might be deduced from the red area depicted in Figure 12.

5.5 | Remarks on the 2D Chialvo model

Although, this work is concerned with 1D reduction of the Chialvo model, for completeness, let us discuss some properties
of systems (1a) and (1b) which might indicate interesting pathways for further studies.
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FIGURE 14 Numerical attractors in the 2D Chialvo model for the fixed values of a = 0.89, ¢ = 0.28, k = 0.03 and four different values of
b : 0.166, 0.1668, 0.169, 0.1738 (clockwise from upper left corner). [Colour figure can be viewed at wileyonlinelibrary.com]

The work of Chialvo® discusses the case of k = 0 and k of small positive value keeping fixed values of parameters a and
¢ and only varying b when needed. The parameter k is treated as the bifurcation parameter. As mentioned in Section 1,
for k = 0, the point (x¢g, yro) := (0,c/(1 — a)) is always a stable fixed point of the system. For k # 0, systems (1a) and (1b)
can have up to three fixed points.

Chialvo’ treats only the case when the phase portrait has exactly one equilibrium point and the values of parameters a
and c are fixed as a = 0.89 and ¢ = 0.28. Nevertheless, even in this prescribed regime of parameters, the system features
rich behavior which is directly matched with activity properties of neurons. With this choice of parameters a and c, small
values of k (e.g., k = 0.02) and b = 0.6, the unique fixed point is globally attracting and the system is quiescent-excitable
since it can generate an action potential when properly stimulated but is not able to maintain oscillatory spiking.
Increasing k (while keeping other parameters fixed) causes fixed point loses stability and oscillatory behavior appears
(bifurcation from quiescent-excitable to oscillatory solution). Obviously, the 2D model is also able to exhibit chaotic-like
behavior which Chialvo® observed, for example, for k = 0.03 and b = 0.18 (and a = 0.89, ¢ = 0.28 as stated). In this case,
the model displays chaotic mixed-mode oscillations (bursting oscillations with large spikes often followed by oscillations
of smaller amplitude; see Figure 10 therein).

However, as we already mentioned, systems (1a) and (1b) can have up to three fixed points. Their existence, stability, and
bifurcations were studied in Jing et al.!® In particular, the authors provided explicit conditions when the 2D Chialvo system
has a given number of fixed points and theorems establishing the existence of fold, flip bifurcation, and Hopf bifurcations.
They have also proved the existence of chaos in the sense of Marotto. These analytical studies are then complemented by
numerical simulations which in addition reveal, for example, various period doubling bifurcations and different routes to
chaos, sudden disappearance of chaos and strange chaotic, and nonchaotic attractors. In the analytical part, they treat k
as a bifurcation parameter but interestingly allow also negative values of k. On the other hand, in the numerical part, they
consider also nonautonomous Chialvo model where the external stimulus is periodic and the amplitude or frequency of
this input can be a bifurcation parameter.

In a recent short communication paper,'® the authors, contrary to other studies, consider (a, b)-parameter space
where c and k are fixed. These studies are numerical but illustrate the existence of interesting structures. In particular,
they suggest Neimark-Sacker bifurcation of the fixed point and mode locking behavior. The location of parameter
regions corresponding Neimark-Sacker bifurcation and the birth of Arnold tongues are determined analytically. They
have also numerically identified comb-shaped periodic regions (corresponding to period-incrementing bifurcations) and
shrimp-shaped structures immersed in large chaotic regions.

Finally, the recent preprint* undertakes the analysis of the 2D Chialvo model combining rigorous numerical
methods and a topological approach based on the Conley index and Morse decompositions which allows to split
considered range of parameters into classes of equivalent dynamics. However, again, due to the computational
complexity of this four-parameter-dependant system, the authors fix a = 0.89 and ¢ = 0.28 (similarly as in Chialvo paper®)
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and explore some rectangular area of b > 0 and k > 0. Their study is enriched with the analysis of chain-recurrence
properties of sets and additionally incorporates machine learning for identifying parameter ranges that yield chaotic
behavior.

Although the current work is concerned with 1D Chialvo model, we have performed numerous simulations of the 2D
model. We have decided to include only some of them in this work. This is due to the fact that the model is extremely
sensitive to any, sometimes even arbitrary small, changes of parameters that can lead to very different behaviors. Indeed,
in Figure 14, we present numerically obtained representative phase portraits for a = 0.89, ¢ = 0.28, k = 0.03 and four
different values of b (0.166, 0.1668, 0.169, 0.1738, respectively). Each picture presents a typical trajectory of the system
after removing the transient part. Thus, these pictures show various types of possible attractors for the 2D model. We
see that increasing b in such a small range of values, while keeping all the other parameters fixed, causes shifting the
dynamics from the one corresponding to the attracting focus, through periodic limit cycle, to chaotic oscillations where
both the interspike intervals and the number of small oscillations between consecutive spikes vary. Looking at Figure 14,
we can suspect that the system firstly undergoes bifurcation when the globally attracting fixed point loses its stability and
the stable limit cycle appears and soon after that another bifurcation when asymptotically periodic dynamics is replaced
by chaotic one. Corresponding voltage traces are presented in Figure 15.

Our brief investigation of the 2D model and the mentioned works®!81945 provide insightful and valuable observations.
However, detailed dynamical picture of the 2D Chialvo model is still very incomplete. This is mainly due to the fact
that discrete systems, even in low-dimenions such as the Chialvo model, yield more challenges in their analytical
(and numerical) analysis. Indeed, in planar continuous systems (i.e., systems defined by ODEs), one has, for example,
Poincaré-Bendixson theorem which allows to draw conclusions on the asymptotic behavior of trajectories (by describing
possible types of invariant limit sets). In particular, in 2D continuous systems, chaotic dynamics is excluded, whereas in
discrete settings, one can observe chaos even in one dimension (i.e., on the interval or on the circle). The second reason
is the nature of the Chialvo model itself, by which we mean, and as we demonstrated, that the model is very sensitive
to even very small change of parameters as it happens that in the very small region of parameter space it might undergo
not one but a couple of bifurcations. This in turn makes validation of the numerical analysis of the model challenging
and emphasize the need for rigorous analytical studies which, however, due to the above mentioned reasons are espe-
cially hard. Therefore, our aim was to show that even the reduced Chialvo model can be interesting for the mathematical
analysis and not necessarily less plausible than its full version.
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FIGURE 15 Time series of the voltage x for the numerical attractors of the 2D Chialvo model from Figure 14. [Colour figure can be viewed
at wileyonlinelibrary.com]
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6 | DISCUSSION

We have performed detailed analysis of the reduced Chialvo model (2) which describes the evolution of the membrane
voltage when recovery variable is frozen, that is, becomes a parameter. Let us briefly summarize these results here.

Firstly, we established that model (2) can be seen as iterations of the S-unimodal map f,, which opened the way to prove
its various properties with the use of the powerful theory of S-unimodal maps (and, more general, maps with negative
Schwarzian derivative). In Theorems 4-6, we rigorously showed that the model undergoes flip and fold bifurcations of
fixed points when r is a bifurcation parameter and a fold bifurcation with respect to k parameter, providing formulas for
the bifurcation parameter values and fixed points involved. In particular, due to the fact that Schwarzian derivative is
negative, all the flip bifurcations are supercritical.

Next, discussing different configurations of the map with respect to the number and location of its fixed points and
precising what should be treated as dynamical core of the map, we justified that the map can be in fact viewed as an
S-unimodal map. Moreover, Lemmas 1 and 2 assert that for wide range of (r, k) parameter space in the dynamical core
of the map, there is only one fixed point which is unstable. This instability of the fixed point played role in justifying
the existence of Misiurewicz maps in the family { f,} (with k fixed) and showing that for positive Lebesgue measure set
of parameters, these maps admit an absolutely continuous invariant probability measure (acip) with positive Lyapunov
exponent for almost all initial conditions (see Theorem 11 and following discussion). In all these cases, the map has
an interval attractor which is the support of the acip. This situation is often referred to as metric chaos. The effective
complementary case (see Proposition 2) is when the map f; has a periodic attractor which is then necessarily unique
(Theorem 7). This fact has some implications for the numerics, that is, in the regime of the existence of stable periodic
orbit, its uniqueness and the fact that it attracts almost all initial conditions guarantees that by randomly choosing initial
point x, and iterating it under the one-dimensional Chialvo map, we can reconstruct this periodic attractor. Abundance
of this periodic case is captured in Theorem 10. On the other hand, Theorem 13 gives the combinatorial condition for
the map to be chaotic in the sense of Li and Yorke, Block and Coppel, and Devaney. Proposition 3 and further numerical
analyses estimate the subset of (r, k) parameter space where this topological chaos occurs.

As argued in some references and mentioned in Section 1, Equation (2) sometimes qualitatively approximates the
dynamics of voltage variable in the full model (1a) and (1b), especially when it can be viewed as a slow-fast system with
the slow variable y, virtually frozen, or acting as a slowly varying bifurcation parameter of the fast subsystem. However,
the form of the full model (1a) and (1b) does not allow for an easy and explicit separation of timescales unless the a, b,
and c parameter values are specifically chosen. Therefore, although the slow-fast nature of the system for some parame-
ters' values is reflected in numerical simulations (see, e.g., Chialvo®), rigorous application of singular perturbation theory
for this model and, perhaps, revealing implications of our finding for the full model can be a separate task for future
research. Another approach can rely on using the theory of discrete-time nonautonomous dynamical systems (see, e.g.,
Kloeden et al.*®) for inferring the x-dynamics in the full system. However, as revealed, for example, by the numerical
experiments related to Figure 6, sometimes the behavior of the reduced model might be more complicated than that of
the 2D model within the corresponding area of the phase plane. This of course depends on the parameter choice in the 2D
model and also, together with the variety of activity modes which the model is able to display (as illustrated, for example,
in Figures 4,5, and 13), serves in favor of the argument that 1D model might be treated as the independent model and that,
perhaps, it would be worth considering other variants of the 2D model with the same equation for the membrane voltage
but different types of the recovery dynamics. In any case, the starting point for creating such new variants of the Chialvo
model would be to fully understand the evolution of the membrane voltage given by (2), which this paper aims at.

Moreover, as pointed also in Ibarz et al,!” the Chialvo model does not fit exactly into the scheme of slow-fast neuron
models with x being the fast variable and y the slow variable (in fact, y might even represent the fast, not the slow, variable),
because the impact of y onto the voltage evolution equation is not additive but multiplicative and thus changing y does
not simply shifts the map f upward or downward. Therefore, understanding the bifurcation structure of the map f;x,
especially with respect to r parameter is very important and was another motivation behind this work.

On the other hand, providing complete description of the dynamics of the full models (1a) and (1b) (corresponding
to different parameters configuration in the (a, b, ¢, d, k) space or its (b, k) subspace) seems challenging. The works by
Chialvo® and Jing et al'® gave some initial results in this direction, but this extensive task demands other supporting
methods, for instance, topological and computational dynamics tools (identifying invariant sets and their Conley indices)
and might be a base for future works. From that point of view, presented here, rather complete, dynamical description of
the somehow independent 1D model seems to be very natural and useful.
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APPENDIX A: PROOFS OF RESULTS ON THE DYNAMICAL CORE

Proof of Lemma 1. The second inequality ¢ < fx(c) is straightforward, and moreover, if we demand only this
inequality, it is enough to set r*(k) = r*(0) for any k > 0. In order to prove the first inequality, we compute

rzk(c) = (4exp(r — 2) + k)2 exp{r — 4exp(r — 2) — k} + k, which can be further expanded as

fr%k(c) = {16 exp(3r — 4 — k) + 8k exp(2r — 2 — k) + k* exp(r — k) } exp{—4 exp(r — 2)} + k.

Since for large r (with fixed k € [0, 2))

exp{—4exp(r — 2)} < min{exp(—4r + 4 + k), exp(=3r + 2 + k), exp(-2r + k) },

85US017 SUOWIWIOD) A1) 3|edldde ay) Aq pausenob e sapie YO ‘8sn J0 3| oy AfeiqiT auljuQ AS|IA UO (SUONIPUOD-PUR-SLLBIAWOD" A3 | 1M Aeiq 1 puluo//:Sd1Y) SUOIPUOD pue SWis | 83U} 89S *[202/T0/T0] Uo ArigiauliuQ A3)iA ‘ABojouyss | JO A1sieAlun seps Aq 8TT6BWW/Z00T OT/I0p/Wod A8 | 1M Afeid 1 pul|uo//sdny woij papeojumod ‘TT ‘€202 ‘9.7 T660T


info:doi/10.1142/S0218127400000840
info:doi/10.3934/dcdsb.2017204
info:doi/10.1515/9780691187655
info:doi/10.1007/978-3-642-13171-4&uscore;5
info:doi/10.1017/S014338570000119X
info:doi/10.1080/17513750701450235
info:doi/10.34808/by1g-e883
info:doi/10.1088/0951-7715/19/7/013
info:doi/10.1007/978-3-642-32906-7&uscore;2
info:doi/10.1002/mma.9118

11930 Wl LEY TRUJILLO ET AL.
we have
[0 < {16 + 8k + k*} exp(—r) + k < 2
for sufficiently large r, which proves (5).
Note that the second statement about the unique fixed point in the interval [ f rzk(c), f,,k(c)] means that there are no

fixed points x; on the increasing part of the graph of f,x withx; > frzk(c) (as necessarily the interval [ frzk(c), f,,k(c)]
contains the fixed point x; > 2). Thus, let 0 < k < 2. In this case for r large enough and k < x < 2, the following
sequence of inequalities holds:

exp(r —x) > exp(r — 2) >

=

which implies
frix) = x*exp(r —x) + k > x.

Consequently, for large r enough, there are no fixed points in [k, 2]. However, x?exp(r —x)+k > xforall0 < x <k,
independently of 7, yielding that for k > 0 and sufficiently large r, there are no fixed points in [0, 2] and completing
the proof.
Proof of Lemma 2. Since it is clear that for any fixed 0 < k < 2 and r = r(k) large enough there is a fixed point located
in the right subinterval [c, f fk(c)], it remains to show that the fixed point x; > 2 is unstable for all r large enough.
Let 0 < k < 2 be fixed and assume that x, > 2 is a fixed point of f = f,x, where r is some parameter value. We have
to show that | f/(x;)| = x,(x; — 2) exp(r — x;) > 1 for r large enough (note that the value of x, also changes with r).
Since the fixed point x satisfies x; = xi exp(r — xy) + k, we only need to show that (x; — k)(x; — 2)/(x;) > 1 (note
that x, > 2 > k). This last inequality is satisfied when

< 3+k—+/(k—1)%*+8
2

Xr (Al)
or
3+k+4/(k—1)2+8

The inequality (A1) must be rejected as we are interested in x; > 2 and this contradicts (A1). Instead, let us focus on
the inequality (A2). From Theorem 4 on the period doubling bifurcation, it follows that there exists a parameter value
rysuch thatxy = xy, > 2is an unstable fixed point of f = f; . Thus, necessarily x ,, satisfies (A2). Letr, > r1. Then
Xsr, > Xy, Where Xz, is a fixed point of f; x, located in the subinterval [2, f,z,k(z)]. Indeed, if x; > 2 is a fixed point

of frk, thenexp(r) = (x;l - kxf) exp(xy). The left-hand side of this equation is an increasing function of r, and the

function (x~! — kx~2) exp(x) is an increasing function of x (k is kept constant). Thus, increasing r moves the fixed point
x; > 2 further to the right. It follows that x ,, also satisfies (A2) and thus the fixed point x; ,, is also unstable.

APPENDIX B: PROOF OF THE CONDITION FOR TOPOLOGICAL CHAOS

Proof of Proposition 3. To show that
f22) < ff2) <2< fr(2) for 2.6 <r<29,

we need only consider three cases:

Case I: 2 < f,(2). One can check that 2 < f,.(2) iff r > 2 — In(2) ~ 1.3. But we assume r > 2.6.
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Case II:

Case III:

f3(2) < 2. An easy computation shows that
fﬁ(Z) = 256 exp(7r — 8 — 8exp(r — 2) — 16 exp(3r — 4 — 4 exp(r — 2))).
Let us define h(r) = f3(2) — 2. Then

% = 256s(r) exp(7r — 8 — 8 exp(r — 2) — 16 exp(3r — 4 — 4 exp(r — 2))),
where s(r) = 7 — 8exp(r — 2) + 64 exp(4r — 6 — dexp(r — 2)) — 48 exp(3r — 4 — 4exp(r — 2)). Assume that
r > 2.6. Since exp(r — 2) > exp(0.6) > 1.8, we have

« 7-8exp(r—2) < -74,
« 64exp(d4r — 6 —4dexp(r —2)) < 64exp(—2.8) < 3.9.

Hence, s(r) < 0 for r > 2.6, and in consequence, h is decreasing in this range. As h(2.6) ~ —0.027 < 0, we
obtain h(r) < 0 for r > 2.6, which is our claim in this case.
f2(2) < f3(2). Similar considerations applied to the function g(r) = f2(2) — £3(2) on [2.6, 2.9] give g(r) < 0

for 2.6 < r < 2.9, and the proof is complete. -
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The work studies the well-known map-based model of neuronal dynamics introduced in 2007 by Courbage, Nekorkin and
Vdovin, important due to various medical applications. We also review and extend some of the existing results concerning
[-transformations and (expanding) Lorenz mappings. Then we apply them for deducing important properties of spike-trains
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rotation theory for Lorenz-like maps, we provide a classification of periodic spiking patterns in this model.
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1. Introduction

Courbage et al. (2007) proposed the following
two-dimensional discrete neuron model:

In+1 = fl(xnvyn)
Tn + F(xn) — yn — BH(zy, — d), (1a)
Yn+1 = f2($n»yn) =Yn + E(xn - J)- (1b)

The variables = and y stand, respectively, for the
membrane potential of the neuron and the so-called
recovery variable, aggregating the dynamics of all
outward ionic currents (z,, and y, describe the values
of = and y, respectively, at consecutive time instances).
Parameter .JJ can be considered as a constant external
stimulus and € > 0 sets the time scale of the recovery
variable. Parameters 5 > 0 and d > 0, in turn, control the
threshold properties of oscillations. The function H (x) is

*Corresponding author

the usual Heaviside step function:

Hix) 1 ifx>0,
:Z:’ =
0 ifz<O,

and F(x) is a piecewise linear continuous function
defined as follows:

if x < JmirU

ml(l' - a) if Jmin S X S Jmax» (2)
—mo(x —1) ifz > Jmax,

—mox

F(x) =

where mg, m1 > 0,1 > a > 0, Jpin = amy/(mo +my)
and Jax = (mo + amq)/(mo + my).

The following assumptions are considered: mgy < 1
and hence det% =14 F'(z) + € > 0 for any
€ > 0, which guarahtees the map to be one to one; lastly,
the region of study is restricted to 0 < J < d, Jpin < d <
Jmax resulting in F’(d) > 0 that is crucial in order to form
chaotic behavior of the map.
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It may be worth pointing out that in the later
alternative version of the model (Courbage and Nekorkin,
2010), the piecewise linear function F' is replaced with a
cubic-shape function (e.g., F(z) = z(x — a)(1 — x)). It
is due to the fact that the model is actually based on the
FitzHugh—-Nagumo model (FitzHugh, 1955) given by two
ODE:s with a third-degree polynomial in the first equation.
The Courbage—Nekorkin—Vdovin (CNV for short) model
is an example of so-called map-based (or discrete) models
since it is given by the iterates of some map f : R? — R2,
flx,y) = (fi(z,y), f2(x,y)) (see also the review articles
by Courbage and Nekorkin (2010) or Ibarz et al. (2011)).

The CNV model appeared in many theoretical
and data-based later studies. Its relative simplicity
makes it possible to analytically or partially analytically
study small ensembles of interacting neurons when each
neuron is modelled by the CNV system. For instance,
Courbage et al. (2012) consider two-interacting neurons
of the type 1. However, such small networks can also
represent larger ensembles of neurons with synchronized
subpopulations as in the modelling of respiratory neural
networks, reproducing some key experimental findings.
See, for example, the work of Hess ef al. (2013), where
a mathematical model of respiratory rhytmogenesis is
studied with the use of the piecewise linear CNV model
refined to incorporate post-inhibitory rebound bursting
oscillations.

One of the prominent applications of the CNV
model in medical sciences is the work of Yu et al
(2016) on examining and modelling the interplay between
the brainstem automatic network and cortical voluntary
command on controlling the breathing process, relevant
in numerous respiratory diseases, including the chronic
obstructive pulmonary disease. In this study hypotheses
drawn from the functional MRI imaging of patients
were mathematically validated on the model of a neural
network with the piecewise linear CNV model for each
neural cluster. In turn, the work by Maslennikov
and Nekorkin (2012) builds a discrete model of the
olivo-cerebellar system based on the CNV model with
cubic F(z).

Apart from numerous applications, the model
is still very challenging and attractive for analytical
studies. In particular, Maslennikov and Nekorkin (2013)
analyze the boundary crisis and transient chaos in the
one-dimensional model (@) with the cubic function F'(x)
and a slowly varying control parameter y,,: Yn+1 = Yn+€.
Transient chaos in a version of the one-dimensional model
with periodic forcing is described by Maslennikov et al.
(2018). In turn Yue et al. (2017) study a two-dimensional
piecewise linear model with time-varying (pulse) external
stimulus and claim that the CNV model could capture
fundamental behaviours of the information processing of
most conductance-based models.

For system (1), it turns out that the map describing

the dynamics of the voltage variable x while the second
variable y is kept constant (which we denote later by
g in (@) is a Lorenz-like map for a large range of
parameter values of interest. Therefore, the first sections
of the paper recall and develop some essential results on
Lorenz-like maps which will be further applied directly
to this model and its one-dimensional reduction. This
shows how advanced results in discrete low-dimensional
dynamical systems might be used for studying map-based
neuron models. Another example in this vein is our
recent work (Llovera-Trujillo ef al., 2023) on the Chialvo
model which takes advantage of the theory of S-unimodal
interval maps.

Apart from understanding and modelling biological
neurons, another important field of research which
develops rapidly in recent decades are artificial neural
networks where the dynamics of single neurons is simple
but the architecture of the network allows us to solve
complex computational tasks and model dynamics of real
systems (Korbicz et al., 1999; Patan et al., 2008).

The paper is organized as follows. Sections 2] and 3]
contain basic definitions and facts on Lorenz maps and
rotation theory. In turn, in Section [ we present key
properties of finite unions of periodic orbits. Sections
and 6] are devoted to the study of chaotic properties of
Lorenz maps and j3-transformations. In Section [7] we
introduce the one-dimensional CNV model. Our main
results concerning the pICNV model (piecewise linear
case) are stated and proved in Sections [Bl  Finally,
Sections [9] and [10l contain interpretation of our results in
terms of spiking patterns and implications of the model
for neuron behaviour.

2. Lorenz-like and expanding Lorenz maps

2.1. Chaos and its components. Let (X,d) be a
compact metric space and f: X — X a function (not
necessarily continuous). As the condition will recur,
aset U C X will be called opene when it is open and
nonempty. Recall that f is called

* transitive if for every two opene sets U, V' C X there
isn € N such that f*(U)NV # 0,

* mixing if for every two opene sets U,V C X there is
N € N such that for every n > N we have f™(U) N
V #0,

* sensitive if there exists § > 0 such that for every

x € X and every neighbourhood U of z, there exists
y € U and n € N such that d(f™(z), f"(y)) > 9.

* expansive if there exists § > 0 such that for any
r,y € X, x # y, there exists n € N such that

a(f"(z), f"(y)) > 0.

Remark 1. By definition, mixing implies transitivity and
expansiveness implies sensitivity.
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A function f: X — X is called chaotic in the sense
of Devaney on X if

1. f is transitive,
2. the set of periodic points of f is dense in X,

3. f is sensitive.

For notational simplicity, we will formulate the
definitions and results below for the unit interval [0, 1].
However, all definitions make sense and all results still
hold if we replace the unit interval by [a, b] for fixed a
and b. Namely, consider the linear change of variables
(conjugacy) h: [0, 1] — [a, D] given by h(t) = a+t(b—a)
and define fusing the following diagram:

0,1 —— [0,1]

I

[a,b] —L— [a,b]

Note that the condition f(¢) = =« translates to
f(h(t)) = h(z). Moreover, f'(t) = f'(h(t)) if f is
differentiable at ¢ € [0,1] and, in consequence, both
monotonicity and slope are preserved by h. Finally,
if f is a Lorenz-like map (expanding Lorenz map,
[B-transformation) according to the definitions given
below then so is fand vice versa.

2.2. Topological entropy. For a piecewise continuous
piecewise monotone map f: [0,1] — [0, 1] we usually
define topological entropy using the formula

h(f) = lim llncn(f),

n—oo 1
where ¢, (f) denotes the number of laps of f". Recall

that the lap of f is the maximal interval, on which f is
simultaneously monotone and continuous.

2.3. Lorenz-like maps. A Lorenz-like map is a map f
of an interval [0, 1] to itself, for which there exists a point
¢ € (0,1) such that

e f is continuous and increasing (not necessarily
strictly) on [0, ¢) and on (¢, 1],

o limg e f(2) = Land lim, .+ f(2) = f(c) = 0.

Set I, = [0,¢) and Ig = [c,1]. If f(0) > f(1), that
is, f(Ir) N f(Ir) = 0, the Lorenz-like map f is called
nonoverlapping. If f(0) < f(1), thatis, f(IL)Nf(Ir) #
(), the map is called overlapping.

2.4. Expanding Lorenz maps. An expanding Lorenz
map is a map f: [0,1] — [0, 1] satisfying the following
three conditions:

* there is a critical point ¢ € (0,1) such that f is
continuous and strictly increasing on [0, ¢) and (e, 1],

° hmm—)c* f(x) = 1land hnlm—)cJr f(J?) = f(C) = 0’
e f is differentiable for all points not belonging

to a finite set & C [0,1] and such that
inf {f'(z) |z €[0,1]\ Q} > L.

By definition, expanding Lorenz maps are overlapping
Lorenz-like. Moreover, the assumption on the derivative
yields expansiveness.

Proposition 1. Every expanding Lorenz map is expansive.

Proof. Let f be an expanding Lorenz map and 8 =
inf {f'(z) |z €[0,1]\ 2} > 1. By definition, there
exists 1 > 0 such that f(z) > 2/3 forall z € [¢ — 1, ¢)
and f(z) < 1/3 forall z € [c,c+ 61]. Let 6 =
min{1/3,61}. Assume that z # y and |z — y| < d. Now
suppose, contrary to our claim, that for all n € N we have

dp = |f"(z) — f"(y)| < 6. (4)
Consider two cases:

o If f™(x), f"(y) € Ip or f™(x), f"(y) € Ig for
all n € N, then, by the mean value theorem, d,, >
Bdyp—1 > 8" |z — y|, which contradicts @).

o If f"(z) € I and f"(y) € I for some
n € N (or vice versa), then f"(z) €
[c — d1,¢) and f"(z) € [e,c + 61 and, in
consequence, | f"*!(z) — f"(y)| > 1/3, which
also contradicts (). -

3. Rotation number and interval

In this and the next section we mainly recall essential
definitions and results of Geller and Misiurewicz (2018),
which we will use in our analysis of the CNV model. Let
f be a Lorenz-like map.

Definition 1. For a point = € [0, 1] and a positive integer
n we will denote by R(x,n) the number of integers i €
{0,...,n — 1} such that f(x) € Ig. If the limit

p(z) = lim R(z,n)
n—00 n

exists, we will call it the rotation number of x.

Remark 2. By definition, 0 < p(z) < 1 if it exists.
Observe that it is extremely easy to compute the
rotation number of a periodic point.

Proposition 2. If z is a periodic point of f of period p
then p(x) exists and is equal to R(x, p)/p.

aamcs
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The following classical result characterizes the
uniqueness of the pointwise rotation number.

Theorem 1. (Rhodes—Thompson) If f(0) > f(1) (in par-
ticular, if the map is nonoverlapping), then all points have
the same rotation number.

In that case we will denote it by p(f).
Let f be a Lorenz-like map. If t € f(I1) N f(IR),
then we define the water map at level t by

[t f@)
i) {mina,f(w))

It is obvious that this map is also Lorenz-like and f+(0) =
f:(1). Consequently, for fixed ¢, all points have the
same rotation number p(f;) for it. It is known that
p(ft) is an increasing continuous function of ¢, and if
f(0) < f(1), then the set of rotation numbers for
f of all points having rotation number is equal to the
interval [p(ff(0)), p(fr(1))] (for details, see, e.g., Alseda
et al., 1989). We will call it the rotation interval of f and
denote it by Rot(f).

ifr eIy,
ifz € Ip.

4. Finite unions of periodic orbits and
Farey-Lorenz permutations

Let f be a Lorenz-like map. Below we summarize
important properties of Farey—Lorenz permutations that
allow us to deduce about the existence of periodic orbits
with given itineraries. By the itinerary of a periodic orbit
{z, f(x),..., f7(z)} we mean a sequence of symbols
L and R of length ¢ such that the i-th element of this
sequence (i = 1,...,q) is L if fi(x) € I, and R
otherwise (the sequence is given up to cyclic permutation).
Proofs of Proposition 3] as well as Theorems Rl and 3] can
be found in the work of Geller and Misiurewicz (2018).

4.1. Finite unions of periodic orbits (fupos). A finite
union of periodic orbits of f is called, by acronym, a fupo.
For each fupo we will consider its permutation, that is, if
a fupo P consists of points 21 < -+ < x,, and f(z;) =
Tg(i) fore=1,...,n, then o is the permutation of P.

4.2, L-permutations. Permutations of fupos of
Lorenz-like maps have a specific form. Namely, if
a fupo has n > 1 elements, then there exists k &
{1,...,n—1} such that o is increasing on {1, ..., k} and
on{k+1,...,n}. We will call such permutations (and
the permutation of {1}) L-permutations. If our fupo is a
periodic orbit, then its rotation number is (n — k) /n.

For every L-permutation o there exists a Lorenz-like
map f with the fupo P such that P has permutation o.
A canonical model can be built as the “connect the
dots” map with the dots being the points (z, f(x)) with
coordinates as in Table 1.

Among L-permutations there are some special ones,
which look like cyclic permutations for circle rotations.
A cyclic L-permutation o of {1,...,n} will be called a
twist permutation if o(1) > o(n). Similarly, a periodic
orbit with such a permutation will be called a rwist orbit.
It is easy to describe explicitly a twist permutation of
{1,...,n} with rotation number j/n. Namely,

o(i)=i+j mod n.

4.3. Farey-Lorenz permutations. An L-permutation
oof {1,...,p+q} will be called a Farey—Lorenz permuta-
tion (or FL-permutation) if o consists of two cycles, both
of them twist, of period p and ¢, with rotation numbers
a/p and b/q respectively, and a/p < b/q are Farey
neighbours, that is, bp = aq + 1. An example of a fupo of
FL-type (similar to those occurring in the pICNV model)
is presented in Fig. [l

Let us assume that o is an FL-permutation with
cycles of rotation numbers a/p and b/q, where a/p < b/q
are Farey neighbours and p < ¢. We will call those
cycles slow and fast, respectively. Note that (Geller and
Misiurewicz, 2018):

¢ the slow cycle contains 1, and the fast cycle contains
p+a

* the fast cycle contains 2.

We will refer to P as the slow orbit and () as the fast orbit.
Let the points of P be 1 < x2 < --- < 2, and the points
of @, y1 < yo < -+ < Yq. Write J; = [,Tl,yl] and
Jj = [yj,l,yj] fOI'j = 2, Lo q.

Proposition 3. With the notation we adopted,

f(2i) = Tita mod p and  f(Yj) = Yjt+b mod g-

The relative order of the points of the orbits P and Q)
is given by the following rule: x1 < yi; then for i =
1,...,p—1,ifj =1+14a mod pandl = b mod g,
then y—1 < z; < Y.

Theorem 2. Let g be a Lorenz-like map. If a number r/s
is in the rotation interval of g, and r, s are coprime, then g
has a twist periodic orbit of period s and rotation number

r/s.

Proposition 4. If g is an expanding Lorenz map and S is a
periodic L-R sequence, then there is at most one periodic
orbit with itinerary S.

Proof. Assume we have two distinct g-periodic orbits
{z1 < -+ < zg}and {y1 < -+ < y,} with the
same itinerary. Hence, by the mean value theorem,
|f%(z1) — f9(y1)| > |x1 — y1|, a contradiction. ]
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Table 1. “Connect the dots” map.

T o | 2 || e | AR | AEr | ksl || o | g
n+ n+1 n+1 n+1 n+1 n+1

f(x) ‘ o(1) ‘ o(1) ‘ ‘ o (k) ‘ 1 0 ‘ o(k+1) ‘ ‘ o(n) ‘ o(n)

n+1 n+1 n+1 n+1 n+1 n+1

Fig. 1. Fupo of FL-type (% < %)

Corollary 1. If g is an expanding Lorenz map and v/ is
in the rotation interval of g (r and s coprime) then there
is only one twist periodic orbit with rotation number r/s.

Corollary 2. If g is an expanding Lorenz map, then there
is at most (g)/q periodic orbits with rotation number p/q
(g, p coprime).

Theorem Bl below follows from Theorem 2 of Geller
and Misiurewicz (2018) and considerations in the second

paragraph of Section 5 therein.

Theorem 3. Let g be a Lorenz-like map. Assume that
the rotation interval of g contains the interval [a/p,b/q],
where a/p < b/q are Farey neighbours, and p < q.
Then g has a twist periodic P orbit of period p and ro-
tation number a/p and a twist periodic orbit Q) of period
q and rotation number b/q. The union of these orbits
forms a fupo with the FL-permutation. Moreover, there
exist periodic orbits with itineraries being concatenations
of finitely many periodic itineraries (starting at 1 or 1)

of P and Q.

5. Lorenz maps and chaos

We say that a map f: [0, 1] — [0, 1] is strongly transitive
if for every nonempty open subinterval J C (0, 1) there

exists n € N such that JI_, f/"(J) D (0,1). Note that
strong transitivity implies transitivity.

The following three results, which are essential for
our considerations, can be found in the work of Oprocha
et al. (2019, Thms. 4.5, 4.6, 4.7, 4.8), Kameyama (2002,
Thm. 3) or Afraimovich and Hsu (2002, Thm. 3.1.1),
respectively. Let

fi(z) = V2 +

2 72\/5 (mod 1),

fa(x) = V2z + 2 vA-2v2 \3/12_ 22 (mod 1),
fa(x) = V2x + 2 _2\3/1 (mod 1).

for z € [0, 1].

Theorem 4. Let f be an expanding Lorenz map and 3 =
inf {f/(z) | = € 0,1\ Q. If

* V2<B<2andf # fior

« V2<B<2and f(0) > ﬁandf;éfgor

« V2<B<V2and f(1) <1 iz and f # fs,

then f is mixing. Moreover, the maps f1, f2 and fs are
transitive but not mixing.

Theorem 5. Assume that f: [0,1] — [0,1] is piecewise
continuous piecewise strictly monotone. If [ is transitive
then it is strongly transitive.

Theorem 6. If an expanding Lorenz map is strongly tran-
sitive then the set of its periodic points is dense in [0, 1].

Remark 3. Theorem[@ has been originally formulated for
the so-called Lorenz-type maps, but it is easy to check that
expanding Lorenz maps are also Lorenz-type.

It is well known that for continuous maps on intervals
transitivity implies chaos. As we see below, a similar
result holds for expanding Lorenz maps.

Proposition 5. An expanding Lorenz map is transitive if
and only if it is chaotic in the sense of Devaney on [0, 1].

Proof. Chaos obviously implies transitivity, so we
only need to show the opposite implication. By
Theorem each transitive expanding Lorenz map is
strongly transitive. Hence, by Theorem[@ the set of its
periodic points is dense in [0,1]. It remains to prove
the sensitive dependence on initials conditions, but, by
Proposition[d], our map is even expansive. |
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The following result provides a sufficient condition
for Devaney’s chaos for expanding Lorenz maps.

Theorem 7. Let f be an expanding Lorenz map and
B =inf{f'(z) | x € [0,1]\ Q}. If one of the following
conditions is satisfied:

(i) V2< 5 <2,
(i) V2 < B <V2and f(0) > 3,
(iii) V2< B <V2Zand f(1) <1— 1,

then f is chaotic in the sense of Devaney on the interval
[0, 1]. Moreover,

 f is strongly transitive and expansive,

e iff# frand f # foand f # f3 then [ is mixing.

Proof. It is an immediate consequence of Theorem ] and
Proposition Bl Strong transitivity and expansiveness can
be concluded from the proof of Proposition[3l |

6. [-transformations
6.1. Definition. Letl < <2, a>0anda+ 3 < 2.
The map T': [0, 1] — [0, 1] of the form

T(z) =pz+a (mod1)

is called a 3-transformation.

Remark 4. Every [-transformation has a point of
discontinuity at ¢ = (1 — «)/f and T'(c) = 0.
Moreover, T(0) = « and T(1) = o + 8 — 1. Note
that [S-transformations are expanding Lorenz maps and
Lorenz-like of a constant slope.

6.2. Acip. Here we summarize some metric
(measure-theoretic) properties of S-transformations from
Theorem 3 of Hofbauer (1979) and Theorem 2 of
Hofbauer (1981).

Theorem 8. The [S-transformation T" has topological en-
tropy h(T) = In B and unique T-invariant probability
measure (acip for short) |, with maximal entropy), i.e., such
that the metric entropy h, (T) is equal to the topological
entropy h(T). The measure p is absolutely continuous
with respect to Lebesgue measure. The density of | is
given by the formula

K Z 87" (xpo.rm () (@) — Xpo.7m (0] (%)),
n=0

where K is a normalizing factor. Moreover, the support of
1 is a finite union of intervals and it is the whole interval

[0, 1] if
(i) V2<B<2or

(i) 1< B<vV2and0<a<1—1/Bor
(iii) 1< B <V2and1l —+1/f<a<2—p6.

Remark 5. Assume 1 < 3 < 2. Observe that the acip p
of T'is equivalent to the Lebesgue measure if and only if
supp(p) = [0, 1] (see the proof of Lemma 4.1 in the work
of Ding et al. (2010)). Moreover, Parry (1979) proved that
if 1 < 8 < +v/2andc = 1/2(orequivalently o = 1—[3/2)
then i is not equivalent to the Lebesgue measure. Since
the measure p is unique, the S-transformation 7' is ergodic
with respect to i, i.e., if T~'B = B for some Borel set
B C [0,1] then u(B) = 0 or u(B) = 1. Under some
assumptions on 3 and «, the transformation 7" has even
stronger metric properties (for details, see Palmer, 1979),
but we will not study and use them in this paper.

6.3. Transitivity and chaos. The following result by
Ding et al. (2010, Lem. 4.1.) provides a nice metric
characterization of topological transitivity.

Proposition 6. Let 1 < 3 < 2 and p be the acip of the
B-transformation T'. Then T is transitive if and only if
supp(p) = [0, 1].

The following result concerning S-transformations
of Oprocha et al. (2019, Thm. 7.1.) corresponds to
Theorem [ proven by the same authors for expanding
Lorenz maps. However, it is worth pointing out that
Theorem H] gives a sufficient condition for mixing in a
broader class of functions (expanding Lorenz maps) while
Theorem |9 gives a necessary and sufficient condition for
mixing in a narrower class (-transformations).

Theorem 9. Let T be a B-transformation and 2 < B <
2. Then T is mixing if and only if one of the following
conditions is satisfied:

. \/§§ﬂ§2andf7éf10r
e V2<B<V2and(a < MOr2767m<
a)and [ # foand f # f3.

Let us present the complete characterization of chaos
parameters for S-transformations in the parameter region
V2<p<2and0<a<2-—4.

Theorem 10. Assume that T is a [-transformation and
V2 < 8 < 2. Then T is chaotic in the sense of Devaney
on the interval [0, 1] if and only if one of the following
conditions is satisfied:

(i) V2<pB <2,

(ii) €'/§1§ B < V2and (a < moerﬂf
Fars < Y-

Moreover, under these assumptions

» T is strongly transitive and expansive,

o ifT # f1, T # foand T # f3 then T is mixing.
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Proof. Our claim can be shown in the same manner
as Theorem [I] using Theorem Hl Proposition [ and
Theorem [0l ]
Inthe case 1 < B < /2 we can formulate a
sufficient condition for chaos for S-transformations.

Theorem 11. Let T be a S-transformation with 1 < 5 <
/2. Then T is chaotic in the sense of Devaney on the
interval [0, 1] if

c0<a<l-1/Bor

c1-B+1/<a<2-8
Proof. By Theorem [8, our assumptions guarantee that
supp(p) = [0, 1], which is equivalent to transitivity of T’
from Proposition[@ Finally, by Proposition[3} transitivity
implies chaos. [ ]

6.4. Fixed and periodic points. The simplicity of
the formula defining [-transformation allows us to easily
derive the following two results concerning fixed points
and 2-periodic orbits.

Lemma 1. [-transformation T (x) admits fixed points
only when o = 0 or when o + = 2. In the first case,
i.e., o = 0, there is a fixed point xy, = 0 and the ro-
tation interval Rot(T) contains 0. In the second case,
o+ B = 2, there is a fixed point x5, = 1 and the rota-
tion interval contains 1. In particular, Rot(T) = [0, 1]
only when o = 0 and 8 = 2, in which case T(x) = 2x
(mod 1) is a standard chaotic dyadic transformation.

The above lemma is a simple observation and does
not require a proof. On the other hand, some short
calculations lead to the following result.

Lemma 2. Suppose that o« > 0 and o + 5 < 2. If
. 1
6<6<min{2—a,7a}, (5)

where

b= l—a+(a—1)(a—->5)
: 5 )

then T' admits a 2-periodic orbit and 2 is minimal among
periods of periodic points of T'. In particular, under these

assumptions 1/2 € Rot(T') and {0,1} N Rot(T") = 0.

Proof. Note that the requirements 8 < (1 — «)/« and
1 < B imply that o < 1/2 and consequently, that B > 1.
Further, under these conditions none of the points 0, ¢ and
1 acts as a fixed point of 7" and thus the map 7" does not
have fixed points. If suffices to show that under (3 there
exists a period-two point z € (0, ¢), i.e.,

0<z<c and T?*(z) =z,

which is equivalent to

1—
O<Z<Ta and B%2+fa+a—1=z2.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
x

Fig. 2. Plot of the pICNV function and the invariant interval.

Solving the last equality for z gives

1 (5319)
z2i=m=5——|5———«a).
B—-1\g+1
Now, it remains to solve with respect to 3 the following
double inequality

1 1 1l -«
0< ﬂ(——a> < .
As > 1, this yields

17
5<TO‘ and B2+ Ba—1)+a—1>0.

The first inequality gives the upper bound for 3 in (). On
the other hand, since the discriminant A = (o — 1)(a —
5) in the second inequality is positive, this inequality is
satisfied (considering the assumption 8 > 1) if

5> l—a++/(a—1)(a—5)
5 :

]

We have now obtained a picture of periodic and

chaotic properties for Lorenz maps. At the end of

this theoretical part, let us mention that in their recent

works Cholewa and Oprocha (2021a; 2021b) developed

the theory of limit sets and renormalization for Lorenz
maps.

7. One-dimensional
Courbage-Nekorkin—-Vdovin model

Now we will analyze more closely the 1D CNV model.
When the variable y = yq is assumed to be constant, 0 <
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J < dand Jpin < d < Jmax, the CNV model can be
reduced to a one-dimensional map g: R — R given by

9(x) =z + F(z) —yo — H(x — d). ©)

In general, in the above function we will vary the
parameters (3 and/or yo keeping all other parameters fixed.
One can consider two versions of the 1D CNV model:

* apiecewise linear case (pICNV for short), when F'is
defined by Eqn. @),

* a nonlinear case (nICNV for short), when F(z) =
px(r —a)(l —z) with0 <a < land p > 1.

Observe that in both the cases the function ¢ is
discontinuous at d and the plot of F' has the shape of
the upside down reversed IV letter. Moreover, both maps
exhibit quite similar dynamics. For that reason we will
mainly focus on the piecewise linear map.

Let us have a more detailed look at the 1D pICNV
model, which is our main object of interest in this paper.
Note that in the piecewise linear case the map g can be
re-written explicitly as

(1 - mO)w — Y% if x < Jiin,
qr — Yo — amq if Jhin < z < d,
qz*?Jo*aml*ﬂ idexSJmam

(1 —=mo)x —yo+mo—F ifx> Jna,

g(z) =

where ¢ = 1 + my. Recall that Jyi, = amq/(mg +my)
and Jyax = (mo + amq)/(mo + mq). Let us assume
that the parameters a, d, mg, m; are fixed and satisfy the
following conditions:

1.0<ax<x1,
2. Jnin < d < Jiaxs
3. 0<mg <1,
4. 0<mq <1.

The first condition means that a is a zero of F', which
lies between Jyin and Jnax. The second one means that
the discontinuity point of g also lies between these two
points. The third and fourth conditions guarantee that two
of the four possible fixed points of g are stable while the
other two are unstable (if they exist). An illustrative plot
of the function g involved in the pICNV model is provided
in Fig.

8. Periodicity and chaos in the 1D pICNV
model

The main goal of this section is to study the dynamics of
the pICNV map in the parameter plane (3, yo). We work
with the assumptions from Section[Zl However, the further
restriction of the parameter region allows us to obtain
interesting dynamical properties of the pICNV map.
Namely, we list the following additional assumptions:

Assumption Al: 8> By = F(Jmax) — F(Jmin)s
Assumption A2: 8 < 81 = min{Juax — d, d — Juin}»
Assumption A3: yo > F(d) — 3,

Assumption A4: yo < F(d

(
Assumption A5: yo > F(d) — 8/q,
Assumption A6: yo < F(d) — (¢ —1)/q,
Assumption A7: yo > F(Jmin),

Assumption A8: yo < F(Jmax) — B-

Let us explain thoroughly the geometric meaning of these
assumptions. A special role in our considerations is
played by an interval I = [b, ¢] C R, where

b= lim g(z) = g(d) = qd —yo — am1 — §,

Tr—r
c= lim g(z) =qd —yo— am;.
Tz—d~
Note that if 3 is positive then I is well defined and its
length is equal to S.

Assumption Al guarantees that 8 > 0 and that for a
fixed (3 satisfying this condition there is a nonempty open
interval (F(Jmax) — 3, F'(Jmin)) of values of yq for which
the map g has no fixed points.

Assumption A3 reads b < d and Assumption A4
reads d < c, so they both imply that the discontinuity
point d lies inside [b,c]. Assume for a moment that
Assumptions A3 and A4 hold. Now Assumption A2
implies that Jyn < b and Jy.x > c¢. Namely, then
d—b< c—b=p8 < d-— Jun and, in consequence,
Jmin < b. Similarly, we justify that Jy.x > c. This means
that g restricted to [b, ] is a constant slope map with the
slope q.

Observe that, by the definitions of b and ¢, the
interval [b, ] is invariant, i.e., g([b, ¢]) = [b, ] if and only
if g(b) > b and g(c) < c. This is true if Assumptions
A2-A6 are satisfied. Namely, then g(b) — b = g(b) —
g(d) =q(b—d)+ B =q(F(d) —yo—Blg—1)/q) = 0
and, analogously, g(¢) — ¢ = ¢(F(d) — yo — 8/q) < 0.

Furthermore, Assumption A5 (resp. A6) means that
an unstable fixed point on the right (resp., left) branch
of the plot of g is outside the interval [b,c|. Finally,
Assumptions A7 and A8 are related to the existence of
a stable fixed point for g (see Theorem[12] below).

The following summary result is an immediate
consequence of the above considerations and simple
calculations.

Theorem 12. (Fixed points)

* Under Assumption A7 g has a stable fixed point x;s =
—yo/mo on the left branch of the plot.

* Under Assumption A4 and A7 g has an unstable fixed
point xy, = a + yo/mq on the left branch of the plot.
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* Under Assumption A8 g has a stable fixed point x,; =
1 — (yo + B)/mqg on the right branch of the plot.

* Under Assumptions A3 and A8 g has an unstable
fixed point xn, = a+(yo+5)/m1 on the right branch
of the plot.

* Under Assumption F(Jmax) — 8 < Yo < F(Jmin),
g has no fixed points in R.

Remark 6. Moreover, observe that

e the existence of an unstable fixed point always
implies the existence of a stable fixed point for g;

* if Assumption Al is met, then the fixed points on the
left branch of the plot of g cannot coexist with the
fixed points on the right branch of the plot;

o if yo = F(Jmin) (resp. Yo = F(Jmax) — B) then
Jmin (resp. Jmax) 1S a semistable fixed point and a
fold bifurcation occurs at this parameter value;

* ifyo = F(d) — B/q (resp. yo = F(d) — B(¢ — 1)/q)
then the unstable fixed point on right (resp. left)
branch of the plot coincides with the right (resp. left)
end of the interval [b, ¢].

For the rest of this section we make Assumptions
Al-A6. Let G denote g restricted to [b,c]. Observe
that G governs the dynamics of the 1D pICNV on the
invariant interval [b, ¢]. The next proposition is an easy
consequence of our assumptions.

Proposition 7. (S-transformation) The map G: [b,c] —
[, ]

e is a well-defined [3-transformation with slope q and
point of discontinuity d,

* has no fixed points in (b, c¢).

Figure [3] presents a plot of the map G for the
following choice of parameters in the pICNV model: a =
0.2,d = 0.4, my = 0.864, m; = 0.65, 5 = 0.35 and
yo = —0.05. These parameter values are exemplary but
in the range considered by Courbage et al. (2007).

Now let us formulate the main results, which explain
the behaviour of the 1D pICNV model in the invariant
interval [b, ¢]. Recall that, by definition, G(b) = ¢b —
yo — amy and G(¢) = gc — yo — amq — B. Our first
result provides the conditions for Devaney’s chaos in the
1D pICNV model.

Theorem 13. (Chaos)

1. Assume that /2 < q < 2. Then G is chaotic in the
sense of Devaney on the interval [b, c|] if and only if
one of the following conditions is satisfied:

(i) V2<g<2
(i) V2 < q < V2and (G(b) < b+ 7%
o~ gy <Gl

)OV

0.55

051

0.45

0.351

0.3

0251 .7

0.25 0.3 0.35 0.4 0.45 0.5 0.55
T

Fig. 3. Restriction of the pICNV function as a /3-transformation.

2. Assume that 1 < q < 2. Then G is chaotic in the
sense of Devaney on the interval [b, | if one of the
following conditions is satisfied:

(i) G(b) < c— <,

(i) b+ <2 < G(e).

Proof. Theorem [I0] implies (1). Similarly, Theorem 1]
implies (2). [ ]

The next result summarizes the metric properties of
the restricted 1D pICNV model.

Theorem 14. (acip) The map G has topological entropy
h(G) = In q and unique G-invariant probability measure
1 with maximal entropy. The measure 1 is absolutely con-
tinuous with respect to the Lebesgue measure. Moreover,
the support of  is a finite union of intervals and it is the
whole interval [b, ], which means that p is equivalent to
the Lebesgue measure, if

(i) V2<g<2or
(ii) 1<qg< \/iandG(b) <c-— %b or
(iii) 1 < q < V2andb+ <t < G(c).
Proof. It is an immediate consequence of Theorem[8 ®
Finally, the parameter regions of the existence and

stability of fixed points and chaos are depicted in Fig. [l

9. Interpretation of orbit itineraries in
terms of spiking patterns
Characterizing itineraries of periodic orbits is not only

an interesting and challenging mathematical problem
but it is also meaningful from the point of view of
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Fig. 4. Regions of different dynamics of the pICNV model.

classifying spike patterns generated by a neuron. Below
we summarize some important observations that apply
to both the 1D pICNV and nICNV models. However, a
similar interpretation holds also in the 2D case and can be
formulated with respect to itineraries of the projection of
2D periodic orbits to their z-coordinate.

Firstly observe that, by definition, periodic orbits
with rotation number 1/q or (¢ — 1)/q are always twist
and have periodic itineraries of the form LL ... LR and
LRR...R, respectively (with ¢ — 1 repetitions of the
same corresponding symbol). Therefore, as follows from
Corollary [0 (and independently from Corollary 2)), if
rational numbers of this form are in the rotation interval,
then there are unique periodic orbits which realize them.
Thus the spike trains corresponding to these rotation
numbers are also unique.

Corollary 3. Suppose that the number 1/q is in the ro-
tation interval of the expanding Lorenz map describing
the 1D CNV model. Then there is a unique initial voltage
condition x (in the invariant interval) which gives rise to
the periodic spiking pattern where q — 1 time instances of
the increase in the membrane voltage x are followed by
one rapid decrease in the membrane voltage. The period
of this periodic pattern consists of q time instances, with
exactly one spike in each period.

The same holds for the rotation number (q — 1)/q,
with the difference that now an increase in the voltage per
one period of length q occurs for 1 time unit and is fol-
lowed by q — 1 time instances of voltage decrease.

Note that a periodic orbit with the rotation number
1/q corresponds to the situation where the consecutive
increase in the membrane potential (depolarization) for

q — 1 time instances is followed by quite a rapid decrease
(repolarization) which indeed reminds a spike. In this case
all the spikes along the same spike train look exactly the
same (in particular they have the same amplitude).

On the other hand, the spiking pattern corresponding
to the rotation number (¢ — 1)/q consists of one rapid
increase of the membrane voltage followed by consecutive
g — 1 time instances in repolarization. Thus in this case
the decrease in the membrane voltage following a spike is
milder than in the case of rotation number 1/¢.

Similarly, one can obtain easily the following result.

Corollary 4.

* A periodic orbit with rotation number 1/q results in
a q-periodic voltage-train with q — p time instances
at which the membrane voltage increases and p time
instances of the decrease in the voltage. Moreover, if
p/q (p and q coprime) is in the rotation interval (of
the expanding Lorenz map of the pICNV or nlCNV
model), then there are at most (Z) /q corresponding
periodic orbits, among which exactly one periodic
orbit is twist but each of these orbits has a different

itinerary.

Identifying itineraries with periodic spike-trains pro-
duced by the corresponding periodic orbit, we con-
clude that every periodic orbit of the expanding
Lorenz map of pICNV or nlCNV model gives rise to
the unique spike-train.

Thus the rotation number p of a given periodic orbit
together with its itinerary is directly related to the periodic
spiking pattern generated by this orbit. In particular,
one might assume than any occurrence of the word LR
in the orbit itinerary might be interpreted as a spike.
However, here (except for the case ¢ = 1/q and o =
(¢ — 1)/q) the amplitude of the spike might be different
for each occurrence of the word LR in the g-length
periodic sequence of L and R symbols (see Example 2
and Fig. B). Thus, hypothetically (depending on the
purpose) one can consider introducing some threshold
value 6 such that “spikes” with the amplitude above
this threshold indeed count as spikes whereas “spikes”
with the amplitude below € might be rather interpreted
as subthreshold oscillations. With this interpretation,
knowing the itinerary of the periodic orbit might not be
enough to fully describe the resulting spiking pattern as
one might need a precise location of points of the orbit,
not only the continuity interval in which they appear.

Corollary 5. If p/q (p and q coprime) is in the rotation
interval of the expanding Lorenz map of the 1D pICNV or
nlCNV model then there exists a unique q-periodic spiking
pattern of the form (&1, Za, ..., &q) (where &; € {L, R})
such that &; = L if and only if 1 + (i — 1)p mod ¢ <
q—p (with L-symbols corresponding to the increase in the
neuron’s membrane potential and R with the decrease).
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If the occurrence of the word LR is interpreted as
a spike, then this spike train features n spikes in each q-
cycle, where

n=#{1<j<q|l+(G—-1p modg<qg-—p
and 1+ jp mod ¢ > q —p}

(with the convention that ¢ mod q = q).

Proof. Ttis not hard to guess that the spike train concerned
in the above corollary corresponds in fact to a twist
periodic orbit with rotation number p/g. Such a twist
periodic orbit exists and is unique for the expanding
Lorenz map. Thus let {z1 < z2 < ... < x4} denote the
set of points of this orbit arranged in the increasing order
of their values. If (z1,22,...,2,) is the ordering of the
orbit such that G(z;) = z; 1 (where G is the map of the
1D model), which corresponds to the spike train observed,
then from the definition of the twist periodic orbit we have
that

Z1 =X EIL,

29 = G(Zl) = G(Il) = Z14p mod g

zi = G(2i—1) = T14(i—1)p mod ¢

Zq = G<Zq—1) = L14(¢—1)p mod q — Lq—p+1 S IRa
where
zi €l <= (14 (i—1)p) mod ¢<qg—p

as follows from the ordering {z1 < z2 < ... < z4}
and the fact that the orbit with rotation number p/q has
exactly p points in the right continuity interval I and g —
p points in the left interval I;,. The corresponding spike
train (%1, &2, . . . , T4) can be encoded with the sequence of
symbols { L, R}9 where Z; = Lifand only if 1+ (5 —1)p
mod ¢ < ¢ — p and the rest of the statement follows. ®

Example 1. Under the assumptions of Corollary
assume that p/q = 4/5 is in the rotation interval of
the corresponding 1D model. Then there is a unique
5-periodic spike train of the form LRRRR. The
spike-train, visualized in Figs.[B(a) and (b) together with
the associated periodic orbit, features one spike in each
cycle of length 5. ¢

Example 2. Similarly, assume that p/q = 7/9. Then
there is a unique 9-periodic spike train of the form
LRRRLRRRR. The spike-train features two spikes in
each cycle of length 9 and these spikes are of different
amplitude, as seen in Fig. B(d). The corresponding
periodic trajectory is depicted in Fig. Blc). ¢

10. Conclusions

Our work, although devoted to a particular neuron model,
might serve also as a review of the theory of Lorenz-like
maps for which we have provided a couple of noteworthy
extensions. Namely, for expanding Lorenz maps we have
justified the expansiveness (Proposition[I), the uniqueness
of periodic orbits with a given itinerary (Proposition [4),
existence and uniqueness of twist periodic orbits with a
given rotation number (Corollary [I), an upper estimate
of the number of periodic orbits with the same rotation
number (Corollary ), the equivalence of transitivity and
Devaney chaos on the whole interval (Proposition[3) and
precise conditions for Devaney chaos (Theorem[7).

All these results can be applied to both linear and
nonlinear CNV models. On the other hand, we also
proved more particular results on S-transformations that
apply in the linear case (Theorems [IQ] and [[1] as well as
Lemmas[Tland [2)).

These mathematical results can be naturally applied
for the study of the CNV model, mainly in its 1D
reduction but partially also in its full 2D version, as
we have shown in Sections [ and It has been
rigorously shown how the theory of Lorenz-like maps
and g transformation can be used for studying the CNV
model, especially by identifying regions of chaotic and
periodic behaviour in the model.

In particular, we have established the direct
connection between periodic spiking patterns and periodic
orbits of the voltage map in the CNV model and next,
with the use of very recent findings on Farey-Lorenz
permutations for Lorenz maps, we have provided a
combinatorial description of the periodic spiking patterns.
The rotation interval and the corresponding set of fupos
might be viewed here as a complexity measure of the
system under study.

The CNV model is useful in modelling and validating
results of clinical relevance as exemplified in Introduction.
Furthermore, since Lorenz-like maps appear also in
hybrid neural models (see, e.g., Rubin et al., 2017) and
in various other models of physiological and biological
phenomena (see, e.g., the work of Derks et al. (2021)
and the references therein), as well as in numerous other
applications, the methods presented and developed in this
work might be adapted in multiple fields.
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ABSTRACT

Modeling nerve cells can facilitate formulating hypotheses about their real behavior and improve understanding of their functioning. In
this paper, we study a discrete neuron model introduced by Courbage et al. [Chaos 17, 043109 (2007)], where the originally piecewise linear
function defining voltage dynamics is replaced by a cubic polynomial, with an additional parameter responsible for varying the slope. Showing
that on a large subset of the multidimensional parameter space, the return map of the voltage dynamics is an expanding Lorenz map, we
analyze both chaotic and periodic behavior of the system and describe the complexity of spiking patterns fired by a neuron. This is achieved

by using and extending some results from the theory of Lorenz-like and expanding Lorenz mappings.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0188464

Map-based models form an important class of models describing
the dynamics of a single nerve cell, which effectively comple-
ment earlier ODE-based ones. Although these models might seem
abstract from the biological point of view, their electrophysiolog-
ical relevance is in many cases more than satisfactory. Moreover,
their relatively low computational complexity enables to employ
them successfully in larger scale simulations of neuronal cir-
cuits motivated by biological or clinical issues. However, prior
to the examination of large ensembles of coupled neurons, it is
desirable to understand the dynamical mechanisms behind the
phenomena observed in the chosen single neuron model. In 2007,
Courbage et al. introduced a discrete neuron model where the
membrane voltage dynamics was captured by the iterates of the
piecewise linear discontinuous map. In this work, we undertake
a rigorous study of its later version where, following the promi-
nent FitzHugh-Nagumo model, the piecewise linear function is
replaced by a cubic polynomial with a discontinuity point. In par-
ticular, using recent advances of the theory of Lorenz-like maps,
we quantify chaotic behavior and firing patterns displayed by a
reduced Courbage, Nekorkin, and Vdovin (CNV) model.

. INTRODUCTION

Modeling neuronal behavior dates back to the beginning of
previous century when Lapicque' formulated a simple neuron
model, derived from experimental data. This model later gave rise
to the famous leaky-integrate-and-fire (LIF) model (see, e.g., Ref. 2).
A couple of decades later, Hodgkin and Huxley derived a much
more detailed neuron model,’ consisting of four nonlinear dif-
ferential equations that were able to capture many electrophysio-
logical phenomena present in real neurons. Since this pioneering
model, systems based on ODEs have become a standard in mod-
eling of biological neurons with some later prominent examples of
FitzHugh-Nagumo,” Hindmarsh-Rose,” Morris-Lecar,” and other
models. These models were usually significantly simpler than the
original Hodgkin-Huxley model but served as a good toy model
for explaining the mechanism of action potential generation and,
sometimes, more complicated phenomena like bursting (a repeti-
tive behavior where a series of spikes occurs in a rapid succession
followed by a quiescent period).

These lower dimensional reduced models have the advantage
of enabling rigorous analysis, but the continuous-time dynamics
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Chaos

given by systems of ODEs often requires more dimensions or sep-
aration of time scales to capture more complicated phenomena.
Therefore, there appeared a need for some sort of discretization of
these models. The first pronounced step in this direction was the
appearance of hybrid neuron models, in which the interspike evo-
lution of transmembrane voltage and other variables is governed by
ODE:s but the additional threshold-reset mechanism is introduced
in order to better reproduce spike generation. The hybrid nature
makes these models interesting even in one-dimensional setting,*"!
but one-dimensional integrate-and-fire (IF) models are too sim-
ple, e.g., to display bursting behavior. However, two-dimensional IF
models'~* feature both bursting and other complicated phenom-
ena such as, e.g., spike-adding or mixed-mode oscillations'>'® that
in ODE-systems need at least three dimensions and often separation
of time scales.

Another class of deterministic neuron models are the so-called
map-based models where differential equations are replaced by
maps. These models might also involve some sort of resetting mech-
anism, which is usually incorporated in the map describing the evo-
lution of the membrane voltage. However, many map-based models
do not include directly any kind of resetting mechanism. Instead,
purely discrete nature of these models can give rise to very com-
plicated phenomena, yet their computational feasibility allows for
simulating large networks consisting of map-based neurons. Some
of these models arise simply as discretization of ODE-based models,
whereas others rather cannot be linked with any ODE system (see,
e.g., Ref. 17 for an extensive review of map-based models).

Most of the two-dimensional map-based models can be
expressed in a general form

Xn+1 = F(xmyn)) (la)

Vn+1 :yn+8G(xn)yn)> (lb)

where often 0 < ¢ < 1 to include separation of time scales. The
main dynamical variable x stands for the membrane voltage and
y is usually called adaptation or recovery variable, which replaces
complicated dynamics of ion channels. Separation of time scales as
& — 0 also justifies studying the first return map x,; = F(x,,y) as
yn = y is kept constant since this map governs the most important
dynamical properties of (1a) and (1b). Similarly, this map allows us
to understand intuitively such phenomena like bursting and adap-
tation since y can be interpreted as a slowly varying bifurcation
parameters in the map F,(x) := F(x, y) and the types of bifurcations
governing the onset and termination of limit cycles of map F are
closely related to the classification of bursting patterns in map-based
models."

Popular 2D map-based (discrete) neuron models include, e.g.,
the Rulkov model,” Chialvo model,”” or Courbage, Nekorkin, and
Vdovin (CNV) model.”’ The CNV, or precisely its modification,
will be the subject of our study presented in this work. However,
let us first briefly mention some other properties of the above-listed
models.

The chaotic Rulkov model” is given as

o

Xny1 =
14 x2

+ Y+ 1 (22)

ARTICLE pubs.aip.org/aip/cha

yn+l :)’n _S(xn _U)a (Zb)

where I describes external input or synaptic currents applied to the
neuron and o denotes the resting potential. In this model, the func-
tion F(x,y) := %7 +y + I is aunimodal map as a function of x for
fixed y. This map can feature a stable and unstable fixed points on
the left branch, which disappear under saddle-node bifurcation as I
increases. Initial conditions attracted to the stable fixed point corre-
spond to the resting state of the model. On the other hand, spiking
orbits are chaotic, not periodic, which is the important property of
the model, as irregular bursting is more similar to realistic burst-
ing neurons than periodic bursting.”” In fact, chaotic dynamics in
systems such as the Rulkov model is robust and can be classified
with some notion of regularity,” which is actually consistent with
the physiological function of neurons. Note that there are also other
versions of the Rulkov model called non-chaotic Rulkov model** and
supercritical Rulkov model.”
The Chialvo model” is given as

X1 = X €Xp (Vn — Xn) + 1, (3a)

Ynt1 = GYn — b-xn +c (3b)

It turns out that the map F(x, y) := x* exp (y — x) + I defining the
evolution of the voltage variable is unimodal (for fixed y) on some
invariant interval, similar to the Rulkov map. However, here its
dependence on the recovery variable y is not additive, but non-linear
and, therefore, a small change in the value of y changes the shape of
the x-nullcline in a much more complicated way than in the case of
the Rulkov map. Nevertheless, this model, designed as an excitable
neuron model, also reveals chaotic spiking, periodic spiking, as well
as bistability and subthreshold oscillations. More detailed analysis of
its 1D subsystem x,,.; = F(x,, y) can be done upon noticing that the
map F (again for fixed y) has negative Schwarzian derivative.” Since
the model does not follows exactly a typical form of the slow—fast
map-based neuron models (1a) and (1b), its singular perturbation
analysis also requires more general tools.”

Although the Chialvo model was introduced in 1995, there is
again a growing interest in this model. This is particularly due to its
dependence on many parameters and the fact that small variations in
these parameters can significantly change its phase portrait. There-
fore, rigorous analysis of its global dynamics requires new compu-
tational and analytical tools.”* On the other hand, many extensions
of this model also have emerged recently (see, e.g., Ref. 29). A more
detailed discussion of various discrete neuron models and how they
relate to ODE-based models can be found in review articles.'”"

In the current work, we undertake the study of the following
two-dimensional discrete neuron model:

Xnt1 =f1(xrl)yn) =X, + F(xn) —Vn — ﬂH(-xn - d): (4a)

Vn+1 =f2(xn>yn) =)n + S(X,, - ]): (4b)

introduced by Courbage ef al.”' and further called the CNV model
(for short). In this model, as before, x,, denotes the values of the
membrane potential of the neuron at consecutive time instances
n=12,..., and y, is the values of the recovery variable. The
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function H(x) is the usual Heaviside step function

1, ifx>0,
H(x) = B
) 0, ifx<O.
Parameter ¢ > 0 describes the time scale separation between vari-
ables x and y, ] might stand for a constant external stimulus, whereas
B > 0 and d > 0 control the threshold properties of oscillations.
Typically, F(x) is defined as follows:

—MmMyX, ifx < Jmins
Fx) = {mi(x—a), ifJmin <% =< Jmao (5)
_mO(x - 1)) lf-x Z ]max>

where

am, mo + am,
mo,m; >0, 1>a>0, Jnn= s Jmax = .
my + m, my + m,

Due to the piecewise linear form of F(x), the model (4a) and (4b)
with F given by (5) will be referred to as the plCNV model (piecewise
linear CNV model). Detailed analysis of this model, and especially
its first return map, was performed in our recent paper.’’ How-
ever, given the similarity of the CNV model with FitzZHugh-Nagumo
one,”*” it seems natural to replace the piecewise linear function F
with some cubic polynomial (see Ref. 30). Of course, introducing
a nonlinear function F requires a bit different analytical tools (in
particular, the theory of B-transformations, successively applied in
Ref. 31, must be replaced by the general theory of Lorenz-like or
expanding Lorenz maps).

The CNV model displays a range of attractors and regimes
of neural activity, including phasic spiking, phasic bursts, tonic
spiking, chaotic spiking, subthreshold oscillations, or chaotic burst-
ing oscillations. General conditions in parameter spaces for these
various types of qualitative behaviors have been identified in Ref. 21.

In this paper, we study the CNV model, where the function F is
defined as

Fx) = px(x — a)(1 — x), (6)

with 4 > 0and 0 < a < 1. The model (4a) and (4b) where Fis given
by (6) will be called in our analysis nonlinear CNV (nlCNV) model.
Its simplified one dimensional version consisting of (4a), with
¥, := o being a constant parameter, will be referred to as the 1D
nlCNV model.

Our study of the 1D nlCNV model is motivated, among others,
by the fact that it actually governs the behavior of the full model and
thorough understanding of its properties such as chaos and struc-
ture of periodic orbits with respect to y and other parameters are
essential. Obviously, this one-dimensional system is also interesting
from purely mathematical point of view. However, as 1D map-based
models are also known in the literature (e.g., the models proposed
by Aguirre et al.,”* Cazelles et al.,” or just the fast subsystem of the
chaotic Rulkov model, see the review articles Refs. 17 and 30 and
references therein), we also argue later (in Sec. VIII) that it can be
considered an independent neuron model.

Theoretical analysis of some aspects of Courbage-Nekorkin-
Vdovin model has been done, e.g., in Refs. 35 and 36. Small networks
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of interacting CNV neurons have been analyzed in Ref. 37. The
model has been also used in biologically or clinically motivated stud-
ies, as, e.g., in Refs. 38-40. In particular, the work* builds a discrete
model of the olivo-cerebellar system based on the nonlinear version
of the CNV model.

Note that the earlier works’-"" discussing chaos of the map
corresponding to the fast subsystem of the CNV model did not dis-
tinguish between chaos on the whole invariant interval or only on its
subinterval, and the analysis provided therein was not fully rigorous
(though qualitatively describing the mechanism of many important
properties of the full model such as chaotic spike-bursting oscilla-
tions, subthreshold oscillations, and phasic spiking). The work™ also
reported numerically (see Fig. 22 therein) that the invariant subset
on which the dynamics of the 1D nlCNV accumulates might be the
whole invariant interval or the union of subintervals. This observa-
tion is rigorously justified by us in Theorem 5.5 about the support
of the absolutely continuous invariant probability measure (ACIP).
Further, none of the earlier works studied the combinatorial struc-
ture of periodic orbits, which we carried out with the use of finite
unions of periodic orbit (FUPO) theory and matched these with the
spiking patterns generated.

The organization of the paper is as follows. Section II describes
fundamentals of rotation theory applied to Lorenz-like maps.
Definitions of Lorenz-like and expanding Lorenz maps and their
main properties, also related to chaos, are recalled in Appendix A.
Providing extensive introduction to the theory of Lorenz maps
is motivated by the fact that the map g,(x) :=x+ F(x) —«
— BH(x — d), describing the dynamics of the voltage variable x,
while the second variable y = « is kept constant, is the Lorenz-like
map for a large range of parameter values of interest. That fact will
be crucial for our further analysis of the nICNV model. In addi-
tion to the present state of the art of this theory, in Sec. II and in
Appendix A, we prove a couple of contributing results in the gen-
eral theory of Lorenz-like maps useful for investigating the dynamics
of the model. In Sec. 1], we briefly recall our results from Ref. 31
on the 1D pICNV model. Next, in Sec. IV, we state preliminary
results for the 1D nICNV model and indicate regions in parame-
ter space corresponding to the existence of invariant intervals on
which model maps are expanding Lorenz. This allows us to apply
the theory of (expanding) Lorenz maps to provide sufficient condi-
tions for chaos in the model (Sec. V) and to obtain results on rotation
interval (Sec. VI) and itineraries of periodic orbits (Sec. VII). These
results describe quantitatively the complexity of periodic behavior
and spike patterns in the 1D nlCNV model. Moreover, Sec. VII
contains also examples and numerical simulations in which rota-
tion intervals and itineraries of periodic orbits are computed for
some choices of parameters. The theory of FUPOs and Farey-Lorenz
permutations, which we widely use in Sec. VII, is summarized in
Appendix F. In Sec. VIII, we discuss the implications of our results
in terms of activity patterns and the shape of the action poten-
tial under the constant stimulus. Moreover, we also go beyond the
autonomous case studied in this work and include numerical exam-
ples of voltage time series generated for popular varying inputs.
We also sum up the results obtained for the 1D nlCNV model
and debate on their connections with the full model (4a) and (4b).
Longer and technical proofs of some of our theorems are included in
Appendixes C-E.
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Il. ROTATION THEORY FOR LORENZ MAPS

We will now look at the rotation theory properties related to
Lorenz maps. To this end, we mainly recall definitions and results
from Ref. 42, essential for our analysis of the CNV model. Let
f:10,1] — [0,1] be a Lorenz-like map (see Appendix A for
definition and basic properties of Lorenz-like maps).

Definition 2.1. For a point x € [0, 1] and a positive integer n,
we will denote by R(x, n) the number of integers i € {0,...,n — 1}
such that f(x) € I. If the limit

p(x) = lim R
n—00 n
exists, we call it the rotation number of x.

Obviously, if x is a periodic point of f of period g, then p(x)
exists and equals R(x, q)/q. We have the following result” on the
uniqueness of the rotation number in the nonoverlapping setting.

Theorem 2.2 (Rhodes-Thompson). If f(0) > f(1), then all
points have the same rotation number.

In this case, we denote the rotation number simply by p(f).
Therefore, in particular, nonoverlapping Lorenz-like maps admit
unique rotation number. In the special case, when f(0) = f(1) and
f is strictly increasing on I and on I, the map can be identified
with the orientation preserving homeomorphism of the unit circle
S! = R/Z. In such a situation, the existence and uniqueness of the
rotation number and the fact that it is rational if and only if f has
a periodic point follows from the classical Poincaré rotation theory
(see, e.g., Ref. 44).

The alternative case f(0) < f(1) can be accessed by the use of
so-called water maps.

Definition 2.3. Let f be a Lorenz-like map and t € f(I,)
N f(Ir). The water map of fat level t is defined by

fio = m?lx(t,f(x)) %fx el,
min(t, f(x)) ifx € Ix.

Note that a water map is also Lorenz-like and that £,(0) = f,(1).
Thus, all points x € [0, 1] have the same rotation number p(f;) for
it. It is known (see, e.g., Ref. 45 or 46, Subsec. 3.3) that p(f,) is
a continuous nondecreasing function of ¢, and, in consequence, if
f0) < f(1), then p(fy0)) < p(ff1))- Unfortunately, we cannot expect
that in case f(0) < f(1), all points in I have a well-defined rotation
number. However, the following important result concerning the set
of the rotation numbers of all points for which the rotation number
exists holds (see Ref. 42, Sec. 2).

Theorem 2.4. Assume that f is a Lorenz-like map such
that f(0) > f(1). Then, the set of the rotation numbers for f of
all points having rotation number is equal to the interval Rot(f)
= [p(fio)s (fi)) | In particular, for each r € Rot(f), regardless
of whether r is rational or irrational, there exists x € I such that
px)=r.

The set Rot(f) will be called the rotation interval of f. Finally,
due to the lack of the suitable reference, we present below a suf-
ficient condition for the existence of period 2 periodic orbit of a
Lorenz-like map, which also implies that the rotation interval Rot(f)
contains 1/2. The proof of this result with the remark is postponed
to Appendix B.

pubs.aip.org/aip/cha

Theorem 2.5. Let f: [0,1] — [0, 1] be Lorenz-like map with
the discontinuity point ¢ € (0, 1). Suppose that

f0) < c < f(1). (7)

Then, f has a period 2 periodic orbit. Moreover, if f is expanding, then
this orbit is unstable (repelling) and is unique period 2 periodic orbit

of f

I1l. TWO VERSIONS OF ONE-DIMENSIONAL
COURBAGE-NEKORKIN-VDOVIN MODEL

Assuming the variable y = « is constant, the CNV model can
be reduced to a one-dimensional map g: R — R given by
g(x) =x+ F(x) —a — BH(x — d). (8)

In general, in the above function, we will vary the parameters
and/or « keeping all other parameters fixed. We consider two main
versions of the 1D CNV model:

e A piecewise linear case (pICNV for short), when F(x) is a
piecewise linear continuous function defined as follows:

—MmyX, if x < Jmin»
F(x) = \m (x - a)’ if]min < X < Jinao
_m()(x - 1)) ifx > ]max;

where
am;
my, my > 0, 1>a>0, Jpn= >
my + my
J mo + am,
max — >
Mo + my

e a nonlinear case (nICNV for short), when F(x)=pu
x(x—a)(1 —x)with0 <a<landpu > 0.

Observe that in both cases, the function g is discontinuous at d and
the plot of F has the shape of the upside down reversed N letter.
However, the nonlinear map is formally simpler (has less param-
eters) and, at the same time, exhibits similar complex dynamics.
Before we study in detail the nonlinear CNV model, we briefly recall
our previous results on the plCNV model from Ref. 31.

A. 1D pICNV model

We studied piecewise linear case (1D pICNV) in detail in our
recent work.”' In particular, we analyzed existence, location, and sta-
bility of fixed points giving explicit conditions with respect to all
model parameters. After restricting the model to the invariant inter-
val (the dynamics beyond thus interval is trivial), we established the
conditions for Devaney chaos and described metric properties of this
model (i.e., existence and form of the absolutely continuous invari-
ant probability measure). Moreover, the itineraries of periodic orbits
were linked with patterns of spike trains fired by the 1D pICNV.
Some of these results were possible due to the fact that the map
defining the 1D pICNV model is a B-transformation, not a general
Lorenz-like map. Here, our goal is to check if and how these results
transfer to the nICNV model and identify differences between the
piecewise linear and nonlinear case.
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B. 1D nICNV model

In Ref. 30, the nonlinear part of the CNV model is deter-
mined by the cubic polynomial F(x) = x(x — a)(1 — x), whose plot
has the shape of the upside down reversed N letter and which has
three zeroes 0 < a < 1. Unfortunately, this assumption seems to
be too much restrictive. It occurs that in the piecewise linear case
the parameter m; related to the derivative (slope) of the function F
plays a crucial role in creating interesting dynamics. To obtain sim-
ilar control on the slope of F, we have decided to introduce a new
parameter i > 0 and define F(x) as ux(x — a)(1 — x). It is worth
pointing out that such a parameter appears often in some versions
of the FitzHugh-Nagumo model, which was one of the main moti-
vations for the 2D CNV model. So, finally, in our paper, the nICNV
function g: R — R is defined as

§(0) = x+ px(x — a)(1 — x) — HY 4 (), ©9)
where
ifx <d
Hd _ o, 1 >
ap () o+ B, ifx>d

Following Ref. 30, we will also assume that 8 > 0 and the disconti-
nuity point d lies between the extrema of the function F. Detailed
results on the 1D nICNV model are presented in the rest of the

paper.
IV. ANALYSIS OF INVARIANT INTERVALS FOR 1D

nICNV MODEL

This section is devoted to the study of the basic dynamical
properties of the 1D nICNV model, i.e., the function

pubs.aip.org/aip/cha

() = x + pux(x — a)(1 — ) — HY , (x)
= X+ F(x) — Hy 3 (1) = f(x) — Hy 5 (x).
Namely, we will examine the existence of the invariant interval,
on which the 1D nICNV function is an expanding Lorenz map

(see Fig. 1). The ends of this interval are given, similar to the
piecewise linear case, by the formulas

b= lir;l+g(x) =g(d)=d+Fd) —a—-8,
c= lir;l_g(x) =d+ F(d) — «a.

Let Xpmin and Xy, denote the points of local minimum and maximum
of the cubic polynomial F. An immediate calculation gives

a+1—+a*>—a+1 d at+1++/a>—a+1
Xmin = Xmax = .

3 3

We will work here with the three general assumptions

e 0<ax<l,
e >0,
L4 xmin<d<xmaX)

which are quite natural and does not seem to be very restrictive.
Now, let us assume that values of a, u, and d are fixed and satisfy
the above conditions. We will search for the values of & and 8 for
which the restriction of g to the interval [b, c] is an expanding Lorenz
map. It is easy to observe that to guarantee this we need the following
additional assumptions:

® Xpin < b<d<c¢<Xpao
e g(b) > bandg(c) <c.

0.8 T T T

07

0.6

0.5 i “Coilamsey
:
1

04+ | -
l

0.3

0.2 | e e

0.17

.01 1 o | |

1 1 1

0.4 -0.2 0 0.2

0.4 0.6 0.8 1 1.2

FIG. 1. Plot of the nICNV function (in black) and the invariant interval (denoted by a square of dashed lines). Parameter values: © = 1.6,a = 0.1, d = 0.35, « = —0.065,

£ =03.
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TABLE I. Conditions for the existence of an invariant interval.

No. Condition Parametric form

1. Xmin < b B <d+ F(d) — xpn —
2. € < Xmax o > d+ F(d) — Xmax
3. b<d B>F(d)—«a

4. d<c o < F(d)

5. gb)y=b o <F(d+F(d)—a—p)
6. glo) <c B>=Fd+Fd) —a)—«a

Table T shows how the above conditions can be translated in the
terms of parameters v and B. Since [b, c] C (Xmin,> Xmax)> We obtain
immediately that F'(x) > 0 and, in consequence, g'(x) > 1 for
x € [b, c], which is required in the definition of an expanding Lorenz
map.

Let G denote g restricted to [b, c]. Let us summarize the first
result concerning the 1D nlCNV model.

Theorem 4.1 (expanding Lorenz map). Assume that con-
ditions 1-6 listed in Table I are satisfied. Then, the map G: [b, ]
— [b, c] is a well-defined expanding Lorenz map.

Now, let us look for the answer to the following question.
Assuming a, j, and d are fixed, and we can always find the values of
o and B for which the conditions 1-6 hold? Fortunately, the answer
is positive under quite mild assumptions as we can see below. The
technical proof of Theorem 4.2 is postponed to Appendix C.

Theorem 4.2 (existence of invariant interval). IfF'(d) < 1,
then the subset of the plane a- for which the conditions 1-6 are true
is nonempty (in fact, it has positive Lebesgue measure).

It remains to check when the condition F'(d) < 1 holds. As
expected, we obtain some mild restriction on the parameter p
responsible for the slope of F.
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Proposition 4.3 (conditions for invariant interval). For
any arbitrary values of parameters a € (0,1), d € (Xmin> Xmax)> and
1 € (0,3], we have F'(d) < 1.

Proof. Since

F'(x) = w(=3%* 4+ 2(a + D)x — a),
it is enough to show that for each x € (Xiin> Ximax)
wx) = =3x24+2(a+Dx—a < 1/,

if 0 <a<1and 0 < u < 3. Note that w(x) attains maximum at
the point x = (a + 1)/3 and the maximum value is %(a2 —a+1).
But,a> —a+1 < 1fora e (0,1) and, in consequence, w(x) < 1/3
< 1/, which is the desired conclusion. Od
The left panel of Fig. 2 provides an illustration of how the set
of parameters from Theorem 4.2 may look like if the conditions 1-6
are satisfied. In fact, for the chosen parameter values (see the caption
of Fig. 2), we have F'(d) =~ 0.607 < 1. Black lines on the left panel
correspond to the borders of areas described by the conditions 1-6.
The red area shows parameter values of & and g for which G is an
expanding Lorenz map. Geometrically, this area is a subset of the
parallelogram (conditions 1-4) between the two nonlinear curves
(conditions 5-6). In turn, the right panel shows how the conditions
for & and B can be translated into the conditions for b and ¢ (end
points of the invariant interval). We simply use the linear change of
coordinates given by the formulas for b and c. In other words, the
right panel presents the set of pairs (b, c) corresponding to invariant
intervals for expanding Lorenz maps. Note that the red area is con-
tained in the square [Xmin, Xmex)” between the plot of the function
x — f(d) — F(x) and its inverse function. Symmetry of the red area
in the right panel is related to the choice of d as (Xiin + Xmax) /2
Remark 4.4. Even if F'(d) > 1, the set of « and B for which
the conditions 1-6 hold may be nonempty as shows Fig. 3 [here
u = 4 and F'(d) =~ 1.21]. Observe that compared to Fig. 2, the red

FIG. 2. Set of parameters a—f for which the conditions 1-6 hold and, in consequence, the invariant interval exists (left in red) and the respective set of possible end points
(b the beginning and c the end) of invariant intervals (right in red) for parameter values: © = 2, a = 0.1, d = 0.367 (case F’(d) < 1 covered by Theorem 4.2).
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FIG. 3. Set of parameters a—f satisfying the conditions 1-6, i.e., guaranteeing the existence of the invariant interval (left in red) and the respective set of possible end points
(b,c) of invariant intervals (right in red) for parameters values: © = 4, a = 0.1, d = 0.367 [case F’(d) > 1, which is not covered by Theorem 4.2].

areain Fig. 3 occupies a relatively much smaller part of the parallelo-
gram given by the conditions 1-4. Moreover, in that case it is rather
hard to formulate the nice condition for the existence of the invari-
ant interval similar to that formulated in Theorem 4.2. However, if
the parameter p will be big enough, then the set of parameters o and
B for which the conditions 1-6 are satisfied may be empty (this is the
case when u = 5,a = 0.1, d = 0.367).

V. CHAOTIC BEHAVIOR IN THE 1D nICNV MODEL

This section, divided into three subsections, is devoted to
examine main chaotic properties of the 1D nICNV model.

A. Conditions for chaos for a single model map

Below, we present a sufficient condition for chaotic dynamics
in terms of the derivative of the model map. Let
A =inf{G(x) | x € [b,c]}.

Theorem 5.1.  If one of the following conditions is satisfied:

(i) v2<1r <2,
(i) V/2<1<~2andG(b) —b> £,

(ili) v/2 <A <~2andc— G(c) > %,

then G is chaotic in the sense of Devaney on the interval [b, c]. It is
also strongly transitive and mixing.

Proof. Tt is a consequence of Theorem A.8 after scaling the
interval [0, 1] to [b, c], i.e., by the factor B. O

Finally, note that expanding Lorenz map G is also expansive
without any assumptions (see Appendix A). Conditions of Theorem
5.1 might be hard to verify analytically. However, Lemma 5.2 yields
a bit more explicit expression for A.

Lemma 5.2. To determine whether the 1D nlCNV model is
chaotic, it suffices to estimate the value of G' at the end points of the
invariant interval [b, c]:

(1) Suppose thatb > 2. Then, 1 = G'(c).
(2) Suppose that c < 1% Then, .. = G'(b).

(3) Ifb < # < ¢, then A = min{G (b), G'(¢)}.

In particular, it always holds that A = min{G'(b), G'(c)}.
Proof. Differentiating G twice yields G”(x) = 2u(1 + a — 3x)

from which it follows that G'(x) is increasing for x < 13ﬁ and
decreasing for x > £4. O

B. Conditions for the existence of chaos in the a-
parameter plane

In this subsection, we provide sufficient conditions for
nonemptiness of the set of parameters that guarantee Devaney’s
chaos on the whole invariant interval. Let us begin with a brief
analysis of the quadratic equation G'(x) = +/2, i.e.,

—3ux’ +2u@+ Dx+1—pa = V2.

Note that this equation has two distinct real roots (denote them by
X1 < x;) if and only if A = 4p(pa® — pa+ pu — 342+43) > 0or,
equivalently, u > 3(v2 — 1)/(a* — a+1). An immediate compu-
tation shows that

u(a+1):|:\/u(ua2—uu+u—3«/§+3)
X112 = .
3u
Now, let A denote the set of parameters «-8 for which G is an
expanding Lorenz map on the invariant interval [b, c]. Let us formu-
late in the sufficient condition the existence of chaos parameters in
the -8 plane.
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FIG. 4. Set of parameters «—f for which the conditions (from Theorem 5.1) sufficient for chaos existence hold. On the left panel in green area corresponding to Theorem
5.1 (i) and in blue area corresponding to Theorem 5.1 (ii) and (iii). On the right panel the respective sets of possible end points of “chactic” invariant intervals (in green and

blue). Other parameter values: u = 1.6, a = 0.1, d = 0.367.

Theorem 5.3. Assume that a € (0,1), d € (Xmin> Xmax) and
€ (0,3], which implies that A is nonempty (has positive Lebesgue
measure). If, in addition,

3(V2-1)

and x; <d < x,, 10
az_a+1 1 2 ( )

then the subset C C A consisting of parameters a-f, for which G
is chaotic on the interval [b,c], is also nonempty (contains a set of
positive Lebesgue measure).

The proof of Theorem 5.3 is postponed to Appendix D.

It may be interesting to compare both size and location of areas
in the a—B parameter plane related to different chaos conditions
from Theorem 5.1. Figure 4 presents the result of our numerical
simulations: in green, we see the area corresponding to the sim-
pler condition /2 < A < 2 and in blue, the area corresponding to
the more complex condition V2 <1 <+2and(Gb) —b > I% or
c—G(o) = {£).

Remark 5.4. Note that the “chaos existence condition” (10)
from Theorem 5.3 can be formulated for all a € (0,1) simultane-
ously (full parameter range). Since a*> — a + 1 > 3/4, we obtain the
estimation

1> 4(v2 — 1) ~ 1.6569.

Alternatively, it can be calculated for the fixed value of a, which
gives, in general, sharper estimations. For example, if a = 0.1, we
obtain the condition
3(V2 -1
"> —(f ) ~ 1.3655.
0.91
In fact, the inequality (10) provides nice functional dependence
between 11 and a. Namely, let po(a) = 3(v2 — 1)/(@®> — a + 1), i.e,

to(a) is the threshold above which the values of u (up to 3) guar-
antee for a given g, according to Theorem 5.3, the existence of
nonempty chaos area. Then, the y1, as a function of 4 is symmetric
unimodal with maximum at a = 0.5.

C. Ergodicity and ACIP

The hierarchy of chaos often starts from ergodicity, which alone
is of course barely considered as real chaos. For that reason, it is
worth emphasizing that the nICNV map restricted to the invariant
interval is always ergodic, which is a natural prerequisite for chaos.

Recall first few notions of the ergodic theory. Let f: [b,c]
— [b, c] be an expanding Lorenz map and A be a measure on the
interval [b, c]. We say that

o fpreserves measure A or that A is f~invariant ifk(f_l(B)) = A(B)
for all measurable sets B,

e a measure-preserving f is ergodic if for any measurable B, such
that f~'(B) = B, A(B) = 0 or A([b,c] \ B) = 0.

Since ergodicity is a property of the pair (f; 1), we often say that fhas
an ergodic measure A.

We use the standard abbreviation ACIP for an f-invariant prob-
ability measure that is absolutely continuous with respect to the
Lebesgue measure of [b,c]. Given a measure X, the support of A
[denoted by supp(A)] is the smallest closed set of full A-measure.
Note that the following result does not require any extra assump-
tions apart from the existence of invariant interval.

Theorem 5.5. Under the conditions 1-6 from Table I, the
map G: [b,c] — [b,c] has a unique ergodic ACIP measure, and the
support of this measure is a finite union of closed intervals.

Proof. Recall that any piecewise C'-function f is of bounded
variation and if, in addition, fis separated from 0, i.e., |f| > 0 > 0
for some o > 0, then the reciprocal 1/fis also of bounded variation.
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FIG. 5. Bifurcation diagrams for the family of nICNV maps with respect to « (left) and w (right). Other parameter values: a = 0.1, d = 0.45, 8 = 0.3, u = 0.5 (left) and

o = —0.048 (right).

Since the map G is piecewise C*> and |G| > o > 1, it satisfies the
assumptions of Theorems 5.2.1, 8.2.1, and 8.2.2 in Ref. 47. Now, our
assertion follows immediately from these three results. O

Remark 5.6. Observe that any ergodic measure-preserving
maps on the interval (more generally, on compact metric space) is
topologically transitive on supp(1) (see, for instance, Exercise 6.15
in Ref. 48). Hence, if supp(A) is the whole domain [b, ], then the
map is transitive on [b, ¢] and, in consequence, is chaotic in the sense
of Devaney on [b, ¢] from Theorem A.8.

Numerically, the fact that the support of the acip measure con-
sists of a finite union of closed intervals can be clearly observed on
the bifurcations diagrams for the nICNV family of maps (see Fig. 5).

Namely, notice the appearance and the location of “white gaps” in
the bifurcation diagram, which corresponds to the situation when
the support of acip is not the whole interval [b, c] but the union of a
finite number of smaller disjoint intervals. Observe that “white gaps”
only appear for relatively small values of u and, in consequence,
values of L = inf {G'(x) | x € [b, c]} just above 1.

Moreover, the numerical analysis (see Fig. 6) shows that the
probability density function of acip in our model is far from being
uniform. However, the analysis also suggests that the probabil-
ity distribution is more regular (flattened) for higher values of
A =1inf{G'(x) | x € [b,c]}. In Fig. 6, these values are, respectively:
A = 1.17 (left), A = 1.29 (middle), A = 1.41 (right).
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I ! 1l
| | I

> | i 1 |
: : 1.5
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| .
: | i j
0.5
05 0.5i'
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0.2 0.3 0.4 0.2
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FIG. 6. Distributions of probability density functions, i.e., frequencies of visits to different parts of the invariant interval for three values of the parameter : i = 1.1 (left),
1 = 1.6 (middle), . = 2 (right). Other common parameter values: a = 0.1,d = 0.3, « = —0.1, 8 = 0.3.
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VI. PERIODICITY AND ROTATION INTERVAL FOR THE
1D nICNV MODEL

In this section, we discuss topics related to periodicity and rota-
tion interval for the model map. Here, unless stated otherwise, we
assume that the conditions 1-6 are satisfied, i.e., the map defin-
ing the voltage dynamics in the 1D nICNV model is an expanding
Lorenz map.

A. Fixed points of the 1D nICNV map

The following observation can be easily justified by the fact that
the map G : [b,c] — [b,c] is expanding:

o the only possible fixed points of G are b and ¢; in particular, if
G(b) = b (or G(c) = c), then the rotation interval of G Rot(G)

contains 0 (respectively, 1),
e if G(b) > band G(¢) > ¢, then G does not have fixed points.

B. Period-2-periodicity condition for a single model
map

Below, we provide a geometric condition for the existence of
period two periodic orbit in this system, which is an immediate
consequence of Theorem 2.5.

Lemma 6.1. Let G: [b,c] — [b,c] be the expanding Lorenz
map describing the 1D nICNV model. Suppose that

G(b) < d < G(c). (11)

Then, G has exactly one period-2 periodic orbit and consequently
% € Rot(G). This orbit is repelling.

0.8
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0.6 i
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TABLE II. Conditions for the existence of a 2-periodic orbit.

No. Condition Parametric form
10. gb)y<d Fd+Fd)—a—B)+Fd)—2a—B <0
11. glo)>d F(d+F(d)—a)+F(d)—2a—B>0

C. Conditions for the existence of a 2-periodic orbit in
the a—B parameter plane

Let A denote the set of parameters «—f for which G is an
expanding Lorenz map. Note that the following result does not
require any new additional assumptions (compare Theorem 4.2). Its
proof is postponed to Appendix E.

Theorem 6.2. Assume that F'(d) < 1, which implies that A
is nonempty (has positive Lebesgue measure). Then, the subset B C A
consisting of parameters a—p for which G has a 2-periodic orbit is also
nonempty (has positive Lebesgue measure).

Remark 6.3. Numerical simulations in MATLAB show that
for some choice of the parameter u, the set B is a proper subset
of A and for the other choice B = A. Figure 7 presents both cases.
On the left panel, the yellow area of parameters corresponding to
the existence of a 2-periodic orbit lies strictly inside the red area
corresponding to invariant interval parameters (1 = 1.6, a = 0.1,
d = 0.367). In the right panel, the yellow area covers the whole red
area (U =3, a = 0.1, d = 0.367), which means that if we have an
invariant interval, we also have a 2-periodic orbit.

D. Analysis of rotation interval

Rotation numbers were defined by H. Poincaré for circle home-
omorphisms and diffeomorphisms to characterize the set of periods

0.8
0.7
0.6
0.5
. 0.4
0.3}
0.2

01

FIG. 7. Regions of parameters giving a 2-periodic orbit (in yellow) inside the areas corresponding to invariant interval (in red). On the right panel, the yellow region fully
covers the red area. Main parameter: .« = 1.6 (left) and 1« = 3 (right). Other common parameter values: a = 0.1, d = 367.
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of these maps. These real numbers between 0 and 1 naturally gen-
eralize the usual geometric rotation angle (modulo 27) for circle
translations. Interestingly, they occurred to be quite useful in the
number of applications, especially in complex dynamics. In 1983,
Newhouse et al. (see Ref. 49) extended the notion of rotation num-
ber to continuous circle maps of degree one. Instead of a single
number they got, in general, a closed interval, which they called
rotation set or rotation interval. The original rotation number for
homeomorphisms does not depend on the choice of the point on
the circle. However, for a continuous circle map (not homeomor-
phism), we may obtain different rotation numbers starting from
different points. Now, the collection of rotation numbers computed
for all points on the circle forms the rotation interval. Finally, and
maybe a bit surprisingly, the rotation theory works fine also for
discontinuous circle maps’® and Lorenz-like maps.*

The notions of rotation number and rotation interval have
found various applications. In particular, they appear in situations
where circle maps arise naturally and are connected with phe-
nomenon of phase locking. Among others, they are used in modeling
of electronic oscillators, cardiac rhythms, heart arrhythmias, and
other biological clocks.”™" In the context of neuroscience, the rota-
tion theory is a tool to qualify and explain firing rates and neural
oscillations, both at the level of large neuronal circuits (see, e.g.,
Ref. 52) as well as at the level of a single cell (see, e.g., Refs. 8
and 53-55).

In our setting, roughly speaking, the meaning of the rotation
interval is as follows. If a number p/q (p, g coprime) is in the rota-
tion interval of a Lorenz-like map defined on [0, 1], then this map
has a periodic orbit of period g such that exactly p points of the peri-
odic orbit are contained in the right subinterval [c, 1] of the domain,
where ¢ is a discontinuity point. The precise formulation of this
observation is given by Proposition F.8.
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As we see, the rotation interval provides important information
on the periodic behavior of a map. In a nutshell, the larger rotation
interval the bigger periodic diversity. Since to all rational fractions
p/q (p, q coprime) correspond some g-periodic orbits, we see that in
general bigger rotation intervals admit abundance of shorter peri-
ods, but, of course, do not exclude long ones. Conversely, smaller
rotation intervals yield rather mainly longer periods. Actually, the
mechanism of producing periodic orbits with different periods is
much more complicated and will be described in detail in Sec. VII.

It is well known (see, e.g., Ref. 46) that

e the rotation number and, in consequence, the end points of the
rotation interval depend continuously on the map in the norm of
uniform convergence,

o the rotation number is monotonic, ie., f> g implies p(f)
> p(9),

e the plot of the rotation number often contains of a version of a
devil’s staircase,

but instead of providing rigorous results of that type concerning the
1D nlCNV map we present the numerical analysis of rotation inter-
val for the model with respect to different parameters. This analysis
shows that all three phenomena mentioned above occur numerically
in our simulations.

In this subsection, the graphs of the rotation intervals for the
1D nlCNV map are plotted as functions of three main parameters
of our model: «, B and . Since the functional dependence in each
of these three case follows different pattern, we present here three
separate plots. On all figures we can observe two main effects: when
one of the parameters varies the rotation interval moves up or down
and it shrinks or expands. Moreover, these two processes usually
occur simultaneously. Note that usually the length of the rotation
interval is not monotonic as a function of a parameter. However, we

0 1 1
-0.25 -0.2 -0.15

-0.1 -0.05 0
X

FIG. 8. Dependence of rotation interval (in green) on the parameter « for the nICNV map family. Other parameter values: a = 0.1, d = 0.37, 8 = 0.455, u = 1.6.
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FIG. 9. Dependence of rotation interval (in green) on the parameter 8 for the nICNV map family. Other parameter values: a = 0.1, d = 0.37, « = —0.05, © = 1.6.

can sometimes observe some general tendencies like shrinking and
expanding of the interval.

Figure 8 shows the dependence of the rotation interval on o,
which is the parameter corresponding to the second variable in the
2D CNV model. The distinguishing feature is its symmetry. In the
center of symmetry, the interval seems to degenerate to a single

point. In turn, in Fig. 9, we see dependence on 8 (the length of
invariant interval). In general, as a trend, the larger B the smaller
rotation interval. However, shrinking is not monotonic, but rather
oscillatory.

Finally, Fig. 10 presents dependence on p, which controls the
size of nonlinearity in our model. Here, we can observe quite rapid

1 g 1.4 1.6 1.8

2.2 2.4 2.6 2.8 3
7

FIG. 10. Dependence of rotation interval (in green) on the parameter . for the nICNV map family. Other parameter values: a = 0.1, d = 0.37, « = —0.065, 8 = 0.455.
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(but once more not entirely monotonic) expanding of the rotation
interval. It is worth emphasizing that the range of rotation interval
plays crucial role in the considerations of Sec. VII.

VII. ORBIT ITINERARIES AND COMPLEXITY OF
SPIKE-TRAINS

This section consisting of two subsections develops and con-
tinues the analysis of periodic behavior of the model. In order to
address the question of the structure of periodic orbits in the CNV
model, we will rely on the notions of FUPOs and FL-permutations.
This allows to derive a large subset of periodic orbit itineraries which
then can be linked with patterns of spike trains fired by a neuron.

Theory of periodic orbits and their finite concatenations
(FUPOs) is presented in Appendix F, relying on the results from
Ref. 42 (most of them are also summarized in Ref. 31). An example
of a FUPO in the 1D nlICNV model is shown in Fig. 11.

A. Complexity of spiking patterns

In our previous work,” we have identified the itineraries of
periodic orbits with spike patterns fired by the 1D CNV model. In
particular, basing on Corollaries 3-5, therein we can formulate the
following useful observation for the 1D nICNV model.

Proposition 7.1. Assume that the conditions 1-6 listed in
Table I hold. If p/q € Rot(G) (p and q coprime), where G defines
the 1D nICNV model, then there is a g-periodic voltage-train (with
q — p time instances at which the membrane voltage increases and

04} »

0.35¢

0.3

0.25

Y

0.2F

- -—=d

015 «

0.15 0.2 0.25 0.3 0.35 0.4

FIG. 11. FUPO (two periodic orbits of periods 5 and 7) of FL type corresponding
to rotation numbers being Farey neighbors: 2/5 < 3/7. This FUPO appears in
the nICNV model with parameter values: © = 1.6,a = 0.1,d = 0.35, 8 = 0.3,
a = —0.065.
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p time instances of the decrease in the voltage). Moreover, there are
at most (g)/q such periodic spike trains, each of different itineraries.
Among them, there exists a unique g-periodic spiking pattern with
the itinerary of the form (5c1,5c2, . ,5cq) (where x; € {L, R}) such that
X;=Lifand only if 1 + (i — 1)p mod q < q — p (with L-symbols
corresponding to the increase in the neuron’s membrane potential and
R with the decrease). If the occurrence of the word LR is interpreted as
a spike, then this spike train features n spikes in each q-cycle, where

n:=#l<j<q|l+(G—1)p modq<gq—p and
1+4jp mod q > q—p}

(with the convention that ¢ mod g = q).

Moreover, from Theorem F.10, we immediately obtain the
following fact.

Proposition 7.2. Assume that the conditions 1-6 listed in
Table I hold. If [a/p,b/q] C Rot(G), where a/p < b/q are Farey
neighbors and p < q, then there exist twist periodic orbits P and Q,
with rotation numbers a/p and b/q, respectively, and each itinerary,
which is a concatenation of finitely many periodic itineraries of P and
Q, corresponds to the exactly one periodic spike train fired by the 1D
nlCNV model.

Figure 12 presents three types of periodic spiking behavior
(lower panel) of the 1D nlICNV model together with related orbits
of the Lorenz map G (upper panel). In particular, we see twist peri-
odic orbits corresponding to Farey neighbors 2/3 and 3/4 (left and
center, respectively) and the FUPO of 2/3 < 3/4 type, obtained as
a concatenation of one copy of the 2/3-twist periodic orbit and two
copies of the 3/4-twist periodic orbit, as described by Proposition
7.1. The periodic orbit obtained in this way has rotation number
equal to 8/11 and itinerary LRRLRRRLRRR.

Note that Propositions 7.1 and 7.2 do not cover the whole
complexity of attainable spike patterns since there might be other
periodic orbits which are not necessarily a concatenation of peri-
odic itineraries of this form as well as many nonperiodic orbits.
These propositions also do not imply how a “typical” spike pattern
observed looks like since the periodic orbits cannot be stable as the
map g is expanding under conditions 1-6. Therefore, a firing pat-
tern highly depends on the initial condition and one can mostly
expect “irregular” spiking trains, as the one depicted in Fig. 13,
which was obtained for the same parameter values as Fig. 12 pre-
senting periodic-like behavior. The fact that a randomly chosen orbit
looks chaotic and that it is practically impossible to find numerically
purely periodic orbits is also confirmed by the results of the so-called
0-1 chaos test (see Ref. 56) carried by us, which returned values very
close to 1 (see Fig. 14).

Observe that the periodic orbit with given itinerary is always
unique (and unstable), as the map G is expanding and, therefore,
finding numerically such a periodic is very challenging. Thus, the
method of FUPOs, as described by Propositions 7.1 and 7.2, enables
to deduce the existence of infinitely many periodic spiking patterns
of the 1D CNV model, which, due to the above mentioned reasons,
would be rather impossible to find numerically and often, especially
in case of long periods, also analytically. On the other hand, the
knowledge on the existence of such periodic patterns implies that
we can expect transient spiking behaviors which look like periodic
ones (corresponding to initial conditions close to periodic orbits
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FIG. 12. The FUPO effect in the nICNV system: creation of a periodic orbit of period 11 = 3 + 4 + 4 (right panel) from two periodic orbits of periods 3 and 4 (left and middle
panels). The respective rotation numbers are Farey neighbors: 2/3 < 3/4. Parameter values: a = 0.1, d = 0.47, « = —0.082, 8 = 0.35, . = 1.62.

with given itineraries). Of course, numerically every such a “periodic
orbit” will eventually “desynchronize” and the asymptotic behav-
ior observed will be irregular, but long transient periodic spiking
patterns can be observed (as depicted in Fig. 12).

B. Examples and simulations

In the last subsection, we present results of numerical simula-
tions related to the existence of periodic orbits with the specific peri-
ods in the 1D nICNV model. They are conducted using MATLAB

scripts, implementing FUPO- and rotation theory of Lorenz-like
maps and available in open repositories.””* For convenience, we
denote here itineraries of periodic orbits by 0-1 sequences, instead
of L-R sequences (i.e., 0 and 1 replace, respectively, L and R in
encoding periodic orbits). Moreover, let a’ denote the repetition of
the symbol or string a for i times.

Tables 111 and IV depict the output of our MATLAB scripts
for several parameters settings. We restrict ourselves to presenting
only second and third order concatenations, because higher order
concatenations become much longer. Let us describe briefly how

0.7 - - - - 0.7
0.6 fii! i | | | 0.6
< o QLA
0.5 .: o111 l | ||‘ l il 1|‘ 0.5
04| 0.4 |15
0 50 100 150 200 250 300 04 05 06 07

FIG. 13. Chaotic spiking typical for the 1D nICNV model: time series (left) and cobweb (right). Parameter values as in Fig. 12. Initial point: xp = 0.435.
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FIG. 14. Results of the 0-1 chaos test on the whole invariant interval [b, ¢] = [0.35, 0.7] for 10* uniformly distributed initial points. The value of chaos test is very close to 1,
which confirms chaotic behavior of a randomly selected point in [b, c]. Parameter values of the model as in Fig. 12.

our program works. First, we compute the rotation interval of a
given 1D nlCNV map. Then, we find inside the rotation interval the
longest subinterval which end points are Farey neighbors. Note that
the longest subinterval provides Farey neighbors with the smallest
denominators and, in consequence, FUPO with the shortest periods
of periodic orbits. Finally, we construct

(1) finite periodic parts of the itineraries corresponding to these
Farey neighbors according to the formula from Remark F.4)
[denote these parts (blocks) by A and B],

(2) all concatenations of A and B of a given order n, i.e., formed
by taking n blocks (each of them is A or B) concatenating all of
them (see Theorem F.10).

Recall that the main idea behind FUPO is that each Farey neighbors
pair in the rotation interval guarantees the existence of infinitely
many periodic orbits with itineraries being finite concatenations of
itineraries corresponding to Farey neighbors. In other words, some
distinguished pairs of periodic orbits (FUPOs) act as a machine pro-
ducing infinitely many new periodic orbits with periods being the
sum of multiples of the periods of the original pair. Moreover, each
of such produced periodic orbits has unique itinerary determined by
itineraries of FUPO.

A quick analysis of the tables shows that, as could be
expected,

e shorter rotation intervals produce longer periods and vice versa,
o the length of periods (related to the length of rotation intervals)
does not change monotonically as the parameter increases.

Finally, observe that finite concatenations of itineraries represent a
quite regular (although usually nonperiodic) type of finite binary
sequences. For example, their Lempel-Ziv complexity (known as a
good measure of the repetitiveness of binary sequences, see Ref. 59)
is low in comparison with random finite sequences, but we will not
prove that fact here.

VIII. ACTIVITY PATTERNS IN THE MODEL

Our study of the 1D nICNV model revealed that as a discrete
dynamical system it certainly possesses very interesting dynamics
that depends on a couple of parameters. However, since it origi-
nated from a neuron model, it is tempting to ask whether it can be
viewed as a simple independent neuron model. For this purpose, let
us consider the system

X)) — V> ifx, < d,
Xny1 = f( ) (12)

f&x) —yn— B, ifx, = d,

where y, can be treated as an external input current, constant or
time-dependent. To emphasize that y can vary with time we write
¥n = a(n), where a(n) is some function of time step n, independent
of the value of x,,. This is partially in accordance with the original
CNV model (4a) and (4b), where the external stimulus J is included
only in the equation for the recovery variable y and changes the
membrane voltage x indirectly through y. As previously, we refer
to the system (12) as the 1D nICNV. Note that in (12) the variable y
enters the system with negative sign, i.e., the input current y > 0 acts

TABLE Ill. Concatenations of Farey neighbors itineraries with respect to « (other parameters: « = 1.6, 8 = 0.455,a = 0.1, d = 0.37).
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o rotation interval Farey neighbors itineraries Concatenations of second and third order
—0.25 [0.888, 1] 8/9:018 2nd: 01801°
9/10:01° 3rd: 01801801°, 01%01°01°
—-0.2 [0.666, 0.8] 2/3:01° 2nd: 012013
3/4:01° 3rd: 012012013, 01%01°01°
—0.15 (0.5, 0.666] 1/2:01 2nd: (01)°1
3/5:(01)%1 3rd: (01)*1, (01)°1(01)*1
—0.13 [0.5, 0.555] 1/2:01 2nd: (01)°1

6/11: (01)°1 3rd: (01)71, (01)°1(01)°1

Chaos 34, 043110 (2024); doi: 10.1063/5.0188464
Published under an exclusive license by AIP Publishing

34,043110-15


https://pubs.aip.org/aip/cha

Chaos

ARTICLE

pubs.aip.org/aip/cha

TABLE IV. Concatenations of Farey neighbors itineraries with respect to 1« (other parameters: « = —0.065, 8 =0.455,a = 0.1, d = 0.37).

m Rotation interval Farey neighbors itineraries Concatenations of 2nd and 3rd order
1.1 [0.2,0.25] 1/5: 10* 2nd: 10°10*
1/4:10° 3rd: 10°10°10%, 10°10*10*
2.2 [0.333,0.5] 1/3:10% 2nd: 10102
1/2: 10 3rd: (10)2102, 10102102
2.75 [0.357, 0.666] 2/5: (10)%0 2nd: (10)%0
1/2:10 3rd: (10)%0, (10)°0(10)20
3.1 [0.5, 0.875] 1/2:01 2nd: (01)21
2/3:011 3rd: (01)°1, (01)*1011

as an inhibitory current, whereas y < 0 would have an excitatory
effect (we used this convention in our simulations below).

A. Autonomous 1D nICNV model

Although studying the 1D nlCNV map g(x) is mainly moti-
vated by the need to explain the behavior of the whole slow-fast
2D system (4a) and (4b), it appears that the 1D nICNV model has
surprisingly rich dynamics, even in the autonomous case when the
input current y = « is constant. For example, in previous section
we showed how the combinatorial structure of periodic orbits of the
1D nlCNV map can be matched with the spiking patterns gener-
ated. The real strength of the FUPO-method used for this purpose is
that it allows one to rigorously prove the existence of infinitely many
periodic firing patterns of the 1D CNV model, which otherwise
would be very hard to find numerically. In numerical simulations,
these patterns are not likely to persist asymptotically (due to the
instability of periodic orbits) but, being aware of their existence, one
can find initial conditions with long transient behavior of the par-
ticular period and itinerary type. This also reveals a special feature
of the ID CNV model, where (unless the map g has an attracting
fixed point as in Fig. 3 in Ref. 21) for wide range of parameters, we
are in the expanding Lorenz map regime and asymptotic behavior
is always chaotic. Note that this makes the CNV model different
than, for example, Chialvo model where in both 1D and 2D cases
(see Refs. 20, 26, and 28), asymptotically periodic behavior could be
observed due to the existence of attracting periodic orbits.

The 1D nlCNV model can display a great variety of behaviors
under the constant stimulus current. Some of them are depicted in
Fig. 15, where we see chaotic bursting (top), tonic spiking (mid-
dle), or oscillatory spiking (bottom), which (depending on how one
defines spikes) could be also interpreted as subthreshold oscillations
alternating with spikes (sort of mixed-mode oscillations). The cor-
responding value « of the external current and the values of other
parameters are given in the caption of the figure. We also include
the value of the initial point. However, as we examined numerically,
the qualitative behavior rather did not depend on the initial point.
Corresponding trajectories in the form of the cobweb plot are pre-
sented in Fig. 16. We see clear matching between the orbit itineraries
and distribution of points with the type of voltage trace in Fig. 15 (for
picture clarity, we include only parts of corresponding trajectories in
the cobweb plots).

Note that stable periodic orbits might exist in the 1D nlICNV
model beyond the expanding regime, studied by us herein. However,
the absence of stable periodic behavior and the presence of chaos
in the expanding case are not necessarily the disadvantage of the
model as there are many map-based models especially designed to
display chaotic behavior such, e.g., famous chaotic Rulkov model."”
On the other hand, chaotic spike trains appear commonly in exper-
imental data, especially at the level of single cells (see, e.g., Ref. 22
and references therein).

B. Dynamics for varying input currents

As we mentioned, the 2D CNV model can be seen as a
slow-fast system with y as a slow variable which also depends on
the external input J. However, the way at which the slow param-
eter y changes with time steps #n has important implications. In
particular, the works (Refs. 35 and 36) numerically studied the one-
dimensional map (4a) with cubic function F(x) when parameter
y = «a, changes linearly and, respectively, sinusoidally with con-
secutive time instances n = 1,2,.. .. Their results on the transient
chaotic dynamics in the 1D system (4a) with varying control param-
eter «, suggest that even numerical analysis of chaotic dynamics in
the 2D system (4a) and (4b) can be quite challenging. This is in
correspondence with our results from Sec. VII showing that even
with constant input y the dynamics of trajectories shows variety of
transiently periodic behavior, prior to the irregular, chaotic asymp-
totic behavior. Similarly, numerical simulations presented in Fig. 15
reveal that 1D model displays wide repertoire of different volt-
age traces that might be interpreted in terms of biological neurons
behaviors, indicating that the intrinsic dynamics of such a neuron is
very rich.

Motivated by this and the observations of other authors men-
tioned above, we now investigate the dynamics of the 1D nICNV
model under varying external input y since the way a neuron
responses to a certain input is its most important property. For this
purpose, we consider two quite typical types of inputs: a periodic
piecewise constant current with alternating stimulus amplitudes
y = a; and y = o, and a constant stimulus with a short impulse of a
larger amplitude. The results are presented, respectively, in Figs. 17
and 18.

We see that periodically changing the value of the input current
can cause switching between tonic spiking and bursting, whereas
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FIG. 15. Three different patterns of time series reproducing consecutively from the top: bursting, tonic spiking, and oscillatory spiking. Parameter values TOP: v = 1.5,
a=0.15,d = 0.539,« = —0.065, 8 = 0.45, xo = 0.524; MIDDLE: w = 0.5,a =0.15,d = 0.539,« = —0.0005, 8 = 0.45, x, = 0.363; BOTTOM: w = 0.405,
a=02d=0.553a =—-0.158 = 0.25, x, = 0.613 (X, initial point). The horizontal dashed black line shows the discontinuity level.

the short impulse of higher amplitude changes temporarily the
amplitude and frequency of oscillations. In fact, even after remov-
ing the short impulse returning to the steady-behavior might not be
immediate and takes significant time. Note that as in our convention
the current y has an inhibitory role, applying current with greater (or
less negative) amplitude in general results in smaller potential values
and lower frequency of oscillations.

C. Multistability

Figure 18 depicts a situation when a short impulse of a different
amplitude has only temporal effect on the neuron’s voltage trace

since after removing the impulse the system returns to its previous
behavior, but this is not always the case. In particular, in Fig. 19,
the neuron is first subjected to a constant input with amplitude of
«; under which it converges to a resting state. However, applying
an inhibitory current of the amplitude «, (for some duration time)
causes first a rapid increase in voltage and small oscillations (burst-
ing). Next, the input level returns back to «; but the neuron does
not return to its previous resting state. Instead, it generates chaotic
spiking oscillations. This phenomena can be explained by looking at
the left panel of Fig. 20, which shows the map g obtained for y = o;
and the same values of other parameters. The map features two fixed
points, stable and unstable, with stable fixed point corresponding
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FIG. 16. Three cobwebs for plots of the nICNV maps corresponding (from the left) to the time series (from the top) presented in Fig. 15. Parameter values as on this figure.
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FIG. 17. Alternate spiking and bursting as an effect of switching the values of y = o between y; and y,. Other common parameter values of the 1D nlICNV model:
n =0.49,a=0.15d = 0.539, B = 0.45, ¢y = —0.0005, ¢, = —0.05. Initial point x, = 0.359. Each switchover takes place after 150 time units. The horizontal dashed

black line shows the discontinuity level.

to the resting state. Initial conditions to the right of the unstable
fixed point get trapped within the invariant interval (marked as a
red square). Therefore, applying additional inhibition to the neuron
converging to its resting state shifts the graph of g up and enables
“escaping” from the basin of attraction of the stable fixed point (or
disappearance of the fixed points as a result of saddle-node bifurca-
tion). If that inhibition is within a proper range of amplitudes and
its duration is not too short nor too long, then after removing the
inhibitory pulse, the graph of g returns to its initial configuration

but the trajectory stays constrained in the invariant interval exhibit-
ing chaotic spiking (or chaotic subthreshold oscillations, depending
on the interpretation). Therefore, even a transient input current
can control switching between various oscillatory modes and
detailed explanation of these effects can be a subject of further
studies.

For completeness, we also notify that fixed points can appear to
the right of the discontinuity point, with a particular example in the
right panel of Fig. 20.
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FIG. 18. Transient adaptation of a spiking pattern as an effect of a short impulse of y = « in the 1D nICNV model. Parameter values: ;. = 0.405,a = 0.2,d = 0.55,
B =0.25a1 = —0.15, ¢p = —0.05. Initial point X, = 0.6131. The horizontal dashed black line shows the discontinuity level.
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FIG. 19. Switching between various stable modes as an effect of an impulse of y = « in the 1D nICNV model. Parameter values: © = 0.2,a = 0.1,d = 0.35,
B = 0.25,a1 = 0.01, ¢, = —0.3. Initial point Xy = 0.12. The horizontal dashed black line shows the discontinuity level and horizontal dashed maroon lines range of

invariant interval corresponding to o/s.

D. Shape of an action potential

Obviously, in case of a simple 1D map-based model, we do not
aim at reproducing real time-continuous voltage recordings of bio-
logical neurons. However, expecting such a good matching with the
real data is usually also not possible with higher dimensional dis-
crete models or often even for their ODE- or hybrid counterparts.
Rather, for map-based models, we are interested in reproducing the
general spike train pattern (such as, e.g., tonic spiking, subthreshold
oscillations, chaotic bursting, etc.) and sometimes just the informa-
tion on whether in a given interval there was a spike or what is the
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0 /:
0 0.2 0.4

average firing rate. From that point of view the 1D nICNV model
shows quite surprising ability to mimic various neuronal behaviors,
some of them presented above. The reason for that is twofold: first,
in the discrete setting complex dynamics (e.g., chaos) can arise even
in one dimension and, second, the discontinuity present in the sys-
tem allows for new types of behaviors not present in continuous
maps, yet maintaining the complexity of, e.g., unimodal continuous
maps.

An interesting feature of the 1D nlCNV model is that, even
under constant stimulus, it is possible to reconstruct various shapes
of action potential. One shape of an action potential is visible in

087
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FIG. 20. Stable and unstable fixed points (red dots) of two 1D nICNV maps. On the left panel, both points are outside the invariant interval (red square). On the right panel, they
are inside the invariant interval. Parameter values: LEFT: 4 = 2,a = 0.1,d = 0.35,« = 0.01, 8 = 0.25; RIGHT: . = 2.55,a = 0.01, d = 0.5025, @ = —0.002, 8 = 0.36.
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FIG. 21. Cardiac spiking in the 1D nICNV model (time series left, cobweb right). Parameter values: 1« = 2.5,a = 0.05, d = 0.5127, « = —0.0005, 8 = 0.35. Initial point:

Xo = 0.6271.

the middle panel of Fig. 15, where the voltage first slowly increases,
then depolarization accelerates and finally the voltage rapidly drops
down. This is in correspondence with the trajectory that features
many consecutive iterates on the left of the discontinuity point,
followed by a point on the right and then turning to the left side
again, as visible in the middle panel of Fig. 16. This configura-
tion is likely among trajectories with rotation numbers of the form
1/q, where q is large, as follows from the definition of the rotation
number. On the other hand, Fig. 21 presents an action poten-
tial where depolarization of the membrane voltage is very rapid
whereas repolarization (decrease in the membrane voltage) takes
many time instances and has a different shape. Such a shape cor-
responds to the so-called cardiac action potential which has been
recently reported in the Hindmarsh-Rose model as well as in the
logistic KTz model in autonomous regime.”’ Therefore, the KTz
model is another example of a map-based model which can success-
fully reconstruct dynamical behavior present in more complicated
higher dimensional continuous-time models. Interestingly, cardiac
spikes are also present in the 1D nlCNV model and are realized by
trajectories featuring a point to the left of the discontinuity point
alternating with a series of points to the right of the discontinuity,
as depicted in the right panel of Fig. 21, which presents a couple of
initial points on such a trajectory. This, in turn, is likely to occur
for trajectories with rotation numbers of the form (g — 1)/g, where
q is relatively large. It also seems that it is the discontinuity and, in
particular, Lorenz-like nature of the 1D nICNV map that enables
generating cardiac-like and “typical” spikes.

Remark 8.1. The voltage trace of cardiac-like spikes depicted
in Fig. 21 has been obtained for the 1D nlCNV model beyond the
expanding Lorenz map regime (since the infimum of the derivative
¢ is slightly less than 1). However, the map is still Lorenz-like.

The above remark suggests than studying the nlICNV model
beyond the expanding case is also of interest. Nevertheless, we also
expect that it is possible to obtain a similar shape of spikes for
expanding Lorenz maps, e.g., with infimum of derivative slightly
greater than 1. In addition, it is worth pointing out the following
two observations.

Remark 8.2. If the map gin the 1D nICNV model is expand-
ing (in the invariant interval of interest), then all the orbits (with
initial condition in this interval) are unstable. However, for non-
expanding maps (such as in Fig. 21), it makes sense to study stability
of the periodic orbits.

Remark 8.3. In both situations of various types of action
potentials, such as in the middle panel of Fig. 15 and in Fig. 21, we
are in the vicinity of the “ghost” of the fixed point (see correspond-
ing cobwebs), which makes the trajectories move slowly and very
close to the diagonal. In purely expanding Lorenz map setting (i.e.,
under conditions listed in Table I), fixed points are not possible in
the invariant interval but adjusting parameters beyond this regime
enables this as well as non-overlapping setting where stable periodic
behavior exists.

In the current work, we focus mainly on the expanding case
(motivated by the presence of clear chaotic behavior) but the above
remarks, results of simulations and observations suggest that obtain-
ing comprehensive picture of the dynamics in the whole multidi-
mensional parameter space of the 1D nICNV map could be a subject
for further research. Certainly, the behavior of this, apparently sim-
ple, one dimensional discrete model is richer than, for example, for
one-dimensional IF models.

IX. DISCUSSION AND CONCLUSIONS

Let us briefly summarize the presented results and discuss some
possibilities of further developments.

First, we have showed how chaos theory and rotation theory
of Lorenz-like and expanding Lorenz maps, which main results we
reviewed in the first section and in Appendix A, can be effectively
applied to the study of the 1D nICNV model. In particular, we have
rigorously established sufficient conditions for the 1D nlCNV map
to be an expanding Lorenz map on an appropriate invariant interval
(Theorem 4.1) and showed that the set of parameters where these
conditions are satisfied is “not small” (Theorem 4.2 and Proposition
4.3). Next, we directed our interests towards chaotic properties of the
model by providing theoretical and more explicit conditions under
which the 1D model exhibits chaos in the sense of Devaney on the
whole invariant interval (Theorem 5.1 and Lemma 5.2, respectively).
Then, we investigated the range of chaotic behavior in the a-f8
parameter plane (Theorem 5.3, Table V and plots in Fig. 4). The even
more fundamental properties of the model are its ergodicity and
acip, which are related to the distribution of orbits. Depending on
parameters (see Fig. 5), a typical orbit can asymptotically accumulate
on the whole invariant interval or on the union of its disjoint subin-
tervals. Further, explicit conditions for the existence of period 2 orbit
have been provided (Lemma 6.1 and Theorem 2.5) and numerical
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investigation of the behavior of the rotation interval with respect to
the various parameters have yield that, as expected, the end points
of this interval typically depend monotonically on a given param-
eter but, interestingly, its length (which might be identified with a
sort of complexity measure) might change in a far more compli-
cated way. Finally, using the notion of FUPOs, we have matched
the itineraries of periodic orbits and their concatenations with spike
patterns fired for the 1D nlCNV model (Propositions 7.1 and 7.2).
We also included further numerically obtained examples depicting
the behavior of the model established by some of our results, espe-
cially in terms of concatenations of periodic itineraries obtained
from “most prominent” twist periodic orbits. However, as we have
showed, the voltage traces produced by the 1D nICNV model can be
both irregular (i.e., non-periodic, “chaotic”) or (transiently) periodic
which might depend on the initial voltage value and be quite fragile
to the small variation in parameters. The last section discusses bio-
logical relevance of the findings on the 1D nlCNV model and shows
that even with constant external stimulus the 1D model can present
variety of behaviors.

There arises though a natural question on the implications of
these results for the original 2D nICNV model. Note that due to the
discrete, and discontinuous, nature of this model obtaining rigor-
ous mathematical results (formal theorems and proofs) seems quite
challenging and is an interesting topic for further research. However,
since the 1D nICNV model, which can be seen as a Poincaré section
of the full model, already shows significant complexity (e.g., in terms
of spiking patterns fired as established by Propositions 7.1 and 7.2),
we can expect that the level of complexity of the full 2D model is not
less than that of its 1D reduction and thus providing the results on
the 2D system, maintaining the same level of analytical rigorousness,
is very challenging. In fact, the first steps in the direction of rigorous
examination of the 2D model are the results concerning behavior of
the 1D reduction with respect to the «-parameter (since this param-
eter corresponds to the y-variable in the 2D model), in particular
our Theorems 4.2, 2.5, and 5.3 since, as also pointed out in Ref. 21,
the dynamical mechanism of chaotic behavior in the 2D model is
induced by the 1D nICNV map.

Another idea comes by applying elements of fast-slow analy-
sis since with & — 0 the 2D model shows a natural separation of
time scales in which case y becomes a slow parameter controlling the
evolution of the voltage x. Observations in this vein were included
in the main works on the CNV model.”"** Nevertheless, the rigor-
ous approach would require applying the tools of discrete geometric
singular perturbation theory as recently developed in Ref. 27 and
illustrated therein, among others, with the example of the Chialvo
model,”” where some parameter sets corresponding to various types
of spiking dynamics could be identified. Unfortunately, the 1D CNV
map is not continuous, contrary to the map describing the evolution
of the voltage variable x in the Chialvo model, which seems to be a
technical obstacle in such analysis.
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APPENDIX A: THEORY OF LORENZ-LIKE MAPS
1. Basic definitions

Let (X, d) be a compact metric space and f: X — X a map (not
necessarily continuous). Recall that a nonempty and open set U C X
is called opene.

We start with the following general notions.

Definition A.1. The map fis called

e transitive if for every two opene sets U, V C X there is n € N
such that f/(U) NV # @,

o mixing if for every two opene sets U, V C X there is N € N such
that for every n > N, we have f"(U) N V # @,

e sensitive if there exists a § > 0 such that for every x € X and
every neighborhood U of x, there exists y € U and n € N such
that d(f"(0), /' (7)) > .

o expansive if there exists a§ > 0 such thatforanyx,y € X, x # y,
there exists #n € N such that d(f*(x), f*(y)) > 6.

We remark that

e mixing implies transitivity,
e expansiveness implies sensitivity.

One of the most classical definitions of chaos is due to R. L. Devaney.
Definition A.2. A map f: X — Xis called chaotic in the sense
of Devaney on X if
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(1) fis transitive,
(2) the set of periodic points of fis dense in X,
(3) fis sensitive.

An interesting class of maps are Lorenz-like and expanding
Lorenz maps, which are special type of maps defined on the subin-
terval of the real line, i.e., X = [a, b] C R. Therefore, next definitions
and results will be formulated for f: [0, 1] = [0, 1] (which naturally
extends to the case f: [a, b] — [a, b]).

Definition A.3. We say that a map f: [0,1] — [0,1] is
strongly transitive if for every nonempty open subinterval J C (0, 1),
there exists n € N such that [ J_, /*(J) D (0, 1).

Note that strong transitivity implies transitivity. The oppo-
site is, in general, not true, but the following essential result holds
(see Ref. 61, Theorem 3).

Theorem A.4. Assume that f: [0,1] — [0, 1] is piecewise con-
tinuous piecewise strictly monotone. If f is transitive, then it is strongly
transitive.

Definition A.5. A Lorenz-like map is a map f of an interval
[0, 1] to itself, for which there exists a point ¢ € (0, 1) such that

e fis continuous and increasing (not necessarily strictly) on [0, ¢)
and on (¢, 1],
e lim, - fix) = 1andlim,_, + f(x) = f(c) = 0.

The intervals of continuity in the domain of the Lorenz map
play a crucial role in its analysis. Therefore, denote I; = [0, ¢) and
I R = [C, 1]

Definition A.6. The Lorenz-like map f is called nonover-
lapping if f(0) > f(1) (i.e., when f(I;) N f(Izx) = #). Otherwise, (i.e.,
when f(0) < f(1) implying f(I.) N f(Ig) # @), the map is called
overlapping.

It turns out that nonoverlapping and overlapping Lorenz-like
maps have completely distinct properties (see, e.g., Refs. 62 and 43),
especially in terms of their rotation sets as mentioned in Sec. I1.

Definition A.7. An expanding Lorenz map is a map
f:[0,1] — [0, 1] satisfying the following three conditions:

o there is a critical point ¢ € (0,1) such that fis continuous and
strictly increasing on [0, ¢) and (¢, 1],

e lim, - fix) = 1and lim,, + flx) = f(c) =0,

e f is differentiable for all points not belonging to a finite set
F C [0,1] and such that inf {f'(x) | x € [0,1] \ F} > 1.

Observe that expanding Lorenz maps are overlapping Lorenz-
like maps. Moreover, every expanding Lorenz map is expansive
(see Ref. 31, Proposition 1).

2. Chaos in Lorenz maps

Let
filx) = vV2x + 2-V2 (mod 1),
3 3
fHx) = V2x + w (mod 1),
3
fix) = V2x + 2-V4 (mod 1),

2
for x € [0, 1].
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The results for the occurrence of chaos and related phenom-
ena in expanding Lorenz maps, important from the point of view
of further analysis of the nlCNV model, can be summarized in the
following:

Theorem A.8. Let f:[0,1] — [0,1] be an expanding Lorenz
map. Then, the following conditions are equivalent:

o fis transitive,
o fis strongly transitive,
e fis chaotic in the sense of Devaney.

Now, let ) := inf{f'(x) | x € [0,1] \ F}. If one of the following
conditions is satisfied:

() vV2=ar<2
(i) V2 <x<2andf0) > 15,
(iii) 3/§§A<\/§andf(1)51—l+ﬁ,

then fis chaotic in the sense of Devaney.

Moreover, if f # fi, f # fo, and f # fs, then fis also mixing.

Proof. It is obvious that strong transitivity implies transitivity.
On the other hand, the opposite is also true in this case, as fis piece-
wise continuous piecewise strictly (see Theorem A.4). However, an
expanding Lorenz map is transitive if and only if it is chaotic in the
sense of Devaney (see, e.g., Proposition 5 in Ref. 31 and references
therein). The second part of Theorem A.8 follows from Theorems
4.5-4.8 in Ref. 63 and above observations (see also Theorem 7 in
Ref. 31). O

Corollary A.9. An expanding Lorenz map f: [0,1] — [0, 1] is
chaotic in the sense of Devaney (on [0, 1]) if and only if it has a dense
orbit.

Proof. It is easy to justify that the existence of a dense orbit
implies transitivity. The opposite implication holds for Lorenz-like
maps (not necessarily expanding) in the view of Proposition 1 in
Ref. 64. Now, the equivalence with chaos in the sense of Devaney for
expanding Lorenz maps follows from Theorem A.8. |

APPENDIX B. PROOF OF THEOREM 2.5

Proof of Theorem 2.5. First, let us assume that f is strictly
increasing in each of the continuity intervals [0,¢) and (c,1].
Suppose that (7) holds and consider g: [0,1] — [0,1] defined as
g(x) = f*(x). Then, g has precisely three discontinuity points ¢,
¢, and ¢, such that 0 < ¢ € f71(©)N(0,¢) and c <, € f(c)
N (c,1). Let us investigate the limits of g at these discontinuity
points. We have

lim g(x) = lim g(x) =1,

X*)Cl X*)Cz

lin}r gx) = lin}r gx) =0,

xlinf— 8x) = f(1), ,}fﬂ g(x) = f(0).

Between the discontinuity points, the graph of g is continu-
ous and increasing. Thus, by analyzing these limits, we see that g
has (at least) two fixed points: x; € (¢;,¢) and x, € (¢, ¢). On the
other hand, f cannot have fixed points in the intervals (¢;,¢) and
(¢, ¢2). Indeed, suppose that x, € (¢;,¢) is a fixed point of f, ie.,
flx.) = x. Then, f(c;) = c since ¢; € f~'(c). As f is increasing, we
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have f(c;) < f(x,), which means ¢ < x,, contradicting the assump-
tion that x,. € (¢, ¢). Similarly, f cannot have fixed points in (c, c;).
Thus, the points x; and x; are not fixed points and must be points
of period 2, and we have proved the existence of period 2 periodic
orbit.

The above reasoning also applies if f is not strictly increasing
in its continuity intervals but is strictly increasing at all those argu-
ments x such that f(x) = c. Now, let us see what changes if there
are intervals [c)1,¢1,] C (0,¢) and/or [cy1, 0] C (¢, 1) such that
flx) = cforeachx € [c1),c12] U [, ¢22])- Then, for the map g = f2,
we have

lim g(x) = lim g(x) =1,

X=cp X—=>¢y

lin}r gx) = lin}r gx) =0,

X—> 61’2 X— 52’2

and g(x) =f(c) =0 for x € [c11,c12] Ulca1s 2] Similarly, as
before g has at least two fixed points: x; € (¢12,¢) and x; € (¢, ¢2,1),
which simultaneously cannot be fixed points of f since f cannot have
fixed points in these intervals. Thus, x; and x, are period 2 periodic
points.

For the expanding case, uniqueness of this orbit, as a period 2
periodic orbit, follows from the forthcoming Proposition F.8. The
fact that it is unstable is also an immediate consequence of the
expansiveness. g

Remark B.1. It is worth pointing out that there is also a
natural geometric method for both justification of Theorem 2.5
and graphical locating of 2-periodic points. Namely, let us consider
the square S =[0,1] x [0,1] on the plane and the two curves in
S:y1:[0,¢c] — Sgiven by y,(¢) = (1, f(t)) [assume for simplicity that
y1(c) = (¢, 1)] and y,: [¢, 1] — S given by y»(¥) = (f(¥), t). Observe
that the curve y, is a part of the plot of f (between 0 and c¢) and the
curve y, is the reflection of the other part of the plot of f (between ¢
and 1) in axial symmetry with respect to the diagonal of the square.

1
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Moreover, the points of intersection of these curves correspond
exactly to 2-periodic points for f. Namely, if there are ¢; € [0,¢) and
f; € [0,¢) such that y;(t;) = y»2(f2), then t; = f(t,) and t, = f(t;),
which gives t; = f2(t,), i.e., {t1, ,} is a 2-periodic orbit.

Why do these curves have to intersect? Consider four points
on the boundary of S: A = y,(0) = (0,£(0)), B=y1(c) = (¢, 1),
A =y,(c) =(0,0), and A = y»(1) = (f(1),1). By the assumption
f(0) < ¢ < f(1), Cis above A on the left side of the square S and B
is to the left of D on the upper side of the square. Hence, the curves
y1 and y, have to intersect at least once from Jordan curve theorem
(see Fig. 22). Finally, if fis an expanding Lorenz map, then the slope
of y; at each point is greater than 1 and the slope of y, at each point
is less than 1. In consequence, the curves cannot intersect more than
once.

APPENDIX C. Proof of Theorem 4.2

Proof of Theorem 4.2. Note that five curves go through the
point (F(d),0) in the o8 plane (see Table I and Fig. 23). Namely,
the vertical line @ = F(d), the horizontal line 8 = 0, the slant line
B = F(d) — o, and two nonlinear curves: § = p(a) = F(d + F(d)
—a) —a and B = q(«). The last one given by the implicit formula

La,f) = Fd+Fd) —a — B) —a = 0.

Since, by our assumptions, the area (parallelogram) between
lines « = F(d+ F(d) —a —B), a =F(), B=Fd) —«a, and
B =d+ F(d) — Xmin —« is always nonempty and the plot of
B = p(«) is above the line 8 = F(d) — a for o < F(d) [compare
the derivatives at « = F(d)], to complete the proof, it is enough
to show that in the small neighborhood of the point @ = F(d) the
plot of B = q(«) is above the plot 8 = p(«), which is equivalent to
pP'(@) > ¢ (@) [see Fig. 23 and compare the slopes of p(«) and g(«)
at o = F(d)]. An easy computation gives

e pl()=—F@d+Fd —a—pB)—1 and p(F(d)=—F(d)
-1,

0 1

FIG. 22. Geometric method for finding 2-periodic points. Expanding Lorenz maps with a unique 2-periodic point (left) and Lorenz-like map with 3 such points (right).
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FIG. 23. Five curves from the proof of Theorem 4.2.

L jiL  —F(d+Fd—a—p)—1
cd= T T FALFd —a-p)
P -1

F(d)

and q'(F(d))

Hence, finally, p'(«) > q'(«) if and only if F'(d) < 1, which com-
pletes the proof. O

APPENDIX D. PROOF OF THEOREM 5.3

Proof of Theorem 5.3. Note that due to Theorem 5.1(i), it is
enough to show that under Assumption (10) inside the area A, there
is a nonempty subarea C on which

V2 <i=inf{Gx) | xe[bc]} <2

It is easy to check that the condition A < 2 is satisfied even with-
out Assumption (10). Namely, since a € (0,1), u € (0, 3], and G'(x)
= —3ux? +2u(a+ Dx + 1 — paattains maximum at %1, we have

(az—a+1)+3<3-1+3_
3 - 3

2.

A <sup{G'(x) | x€[bc]} = =

Now, let us check when the condition A > /2 is satisfied. Observe
that A obviously depends on « and 8 because we calculate A on [b, c].
Recall that in Sec. IV, we searched for invariant intervals inside the
interval (Xmin,» Xmax) defined by the condition A > 1. Now, we want
to strengthen our condition to A > +/2 and see when parameters o
and B for which this condition holds exist. It turns out that this is
the case exactly if

o the quadratic equation G'(x) = +/2 has two distinct real roots
or, equivalently as we have seen, > 3(«/5 —1/@—a+1),

o the end points of the invariant interval lie inside the interval
(X1, %), 1., 1 < b < ¢ < x5

pubs.aip.org/aip/cha

TABLE V. Conditions for the existence of chaos.

No. Condition Parametric form

7. A>0 u>3(«/§—1)/(u2—a+1)
8. x<b d+Fd) —x,—a—B>0
9. Xy >¢C d+F(d)—x;,—a <0

However, since the discontinuity point d lies in the interval (xy, x,),
i.e, x1 < d < x,, the straight line 8 = d + F(d) — x; — « is paral-
lely above B = d + F(d) — x; — o and the vertical line o = d 4 F(d)
— x;, is on the left of o = F(d) (see Fig. 4). In consequence, if (10)
holds, then the conditions 8 and 9 from Table V always cut by
rectilinear cuts from the area A the subarea of positive Lebesgue
measure. Since this subarea is obviously contained in C, the proof
is complete. |

APPENDIX E. PROOF OF THEOREM 6.2

Proof of Theorem 6.2. The reasoning is similar to that in the
proof of Theorem 4.2. Let us consider four nonlinear curves (see
Fig. 24), which intersect at the point « = ay = F(d). Two of them
B = p(a) and B = p(a) correspond to the borders of the set A (see
the proof of Theorem 4.2). The other two = r(«) and B = s(«)
correspond to the borders of the set B. Namely, 8 = r(«) is given
by the implicit formula F(d + F(d) —a — ) + F(d) — 2o — B =0,
which corresponds to condition 10 (see Table II), and 8 = s(«)
is given by the explicit formula 8 = F(d + F(d) — «) + F(d) — 2«,
which corresponds to condition 11. Since all four curves are smooth
and have a common point (¢, 0), the proof will be completed by
showing that the derivatives at « satisfy the following three condi-
tions: (a) 7' (cp) > s’ (), (b) 7' (0tg) > q' (), and (c) p'(ag) > §'(ctp)-
Note that we do not assume any relations between s'(e) and q' (o)

a= F(d)

FIG. 24. Four nonlinear curves from the proof of Theorem 6.2.
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and between r'(ag) and p’(a). For abbreviation, let ¢ stands for
F’(d). An easy calculation similar to that in the proof of Theorem 4.2
shows that

P’ () q () 7' (ap) (o)
- -1 -2
¢ {+1

- —1

- -2

Now, since { = F’(d) > 0, we check at once that the conditions
(a)-(c) are satisfied, which completes the proof. O

APPENDIX F. FINITE UNIONS OF PERIODIC ORBITS
AND FAREY-LORENZ PERMUTATIONS

Let f be a Lorenz-like map. If P:= {x,f(x),...,f7 (%)} is
a periodic orbit of f, then the itinerary of P is the sequence
(a1, ay, . ..,a,) of symbols L and R such that fori =1,...,q,

L, iffi(x) eIy,
R, iffi(x) € Iy.

i =

The sequence is given up to a cyclic permutation.

Definition F.1. A finite union of periodic orbits of fis called
a FUPO.

FUPOs are characterized by their permutations, i.e., a permu-
tation of a FUPO P consisting of points x; < - -+ < X, is a mapping
o:{L,2,---,n} = {1,2,---,n} such that f(x;) = x,(;.

The following observation applies to FUPOs of Lorenz-like
maps.

Proposition F.2. Ifa FUPO P has n > 1 elements, then there
exists k € {1,...,n — 1} such that o is increasing on {1,...,k} and
on {k+1,...,n}. Such permutations (and the permutation of {1})
are called L-permutations. Moreover, for every L-permutation o
there exists a Lorenz-like map f with the FUPO P such that P has
permutation o.

Note that is FUPO is a periodic orbit, then its rotation number
is (n — k)/n.

Definition F.3. A cyclic L-permutation o of {1,...,n} is
called a twist permutation if o (1) > o (n).

Correspondingly, a periodic orbit with such a permutation is
called a twist periodic orbit.

Remark F.4. Note that a twist permutation of {1, ..., n} with
rotation number j/n has a form

o(i)=i+j mod n.

In consequence, the kth term of the twist periodic itinerary is L if
and only (kp mod q) < q — p.

Definition F.5. An L-permutation o of {1,...,p+ g} is
called a Farey-Lorenz permutation (or FL-permutation) if ¢ con-
sists of two twist cycles, of period p and ¢, with rotation numbers
a/p < b/q, respectively, such that bp = aq + 1.

Recall that in this case, we say that a/p and b/q are Farey neigh-
bors. The ordering of point on FUPOs with FL permutations are
specified by the following rule (cf. Ref. 42).

Proposition F.6. Assume that o is an FL-permutation with
cycles of rotation numbers a/p and b/q, where a/p < b/q are Farey
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neighbors and p < q. Let the points of P be x; < x5 < ---
the points of Q y1 <y, < -+ < y,. Then,

< x, and

f(xi) = Xita mod p and f(}’;) = yj+b mod ¢
and

o X <Y,
e fori=1,...,p—1,if j=1+ia modp and I =ib mod g,
theny_; < x; < y.

An example of a FUPO of FL type in the 1D nICNV model is
illustrated in Fig. 11.

The following result (see, e.g., Ref. 42, Sec. 5 or 45) states
that Lorenz-like maps admit twist periodic orbits for each rational
number in their rotation interval.

Theorem F.7. Let g be a Lorenz-like map. If a number p/q is
in the rotation interval of g, and p, q are coprime, then g has a twist
periodic orbit of period q and rotation number p/q.

If the map is also expanding, then we obtain the uniqueness of
periodic orbits with given itinerary (see Ref. 31, Proposition 1) for
justification).

Proposition F.8. If g is an expanding Lorenz map and p/q is
in the rotation interval of g (p and q coprime), then there is exactly
one twist periodic orbit with rotation number p/q. Moreover, there is
at most (g)/q periodic orbits with rotation number p/q.

Remark F.9. In fact, we show in Ref. 31 that given any peri-
odic L-R sequence, there is at most one periodic orbit with this
itinerary.

Next theorem, proved in Ref. 42 applies for Lorenz-like maps
(not necessarily expanding).

Theorem F.10. Let g be a Lorenz-like map. Assume that the
rotation interval of g contains the interval [a/p,b/ql, where a/p
< b/q are Farey neighbors, and p < q. Then, g has a twist periodic
P orbit of period p and rotation number a/p and a twist periodic orbit
Q of period q and rotation number b/q. If these periodic orbits are
disjoint, then their union forms a FUPO with the FL-permutation.
Moreover, there exist periodic orbits with itineraries being concate-
nation of finitely many periodic itineraries (starting at x, or y,) of P
and Q.

Remark F.11. Ifa/p < b/g,butp > g, then wereplace a/p by
(p —a)/p and b/q by (q — b)/q. Then, in the itineraries, we replace
symbols L by R and vice versa.
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On computing periodic orbits itineraries for
Lorenz-like maps

Abstract Existence and structure of periodic orbits is an important part of the in-
vestigation of dynamical systems. However, analytical calculations are possible only
in very few cases and numerical identification of periodic orbits is possible only when
these are attracting for a large set of initial conditions. This in particular constitutes
a challenge especially in chaotic systems. In this work, following theoretical findings
of W. Geller and M. Misiurewicz(2018), we outline a procedure that allows for de-
termining the itineraries of vast majority of periodic orbits of Lorenz-like maps. We
provide explicit algorithms with ready-to-use computational tools available in open
repositories. Since Lorenz-like maps arise as subsystems of many complex models
and are prevalent in various applications, our results open a way of investigation of
their periodic structure
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val, Farey-Lorenz permutations, random binary sequences..

1. Introduction

The following work aims at providing a tool that may help studying the
structure of itineraries of periodic orbits for Lorenz-like maps and their com-
plexity. Lorenz-like maps have received a lot of attention from the mathemati-
cal community in recent decades ([3], [1], |1 1]) but they also appear commonly
in various applications. In particular, they appeared as the Poincare map of
the geometric Lorenz model ([6]). One of other examples is the Courbage-
Nekorkin-Vdovin (CNV for short) neuron model ([7]) where the dynamics of
the membrane voltage variable is described by means of a Lorenz-like map.

Although there is a well-develop theory with applications regarding Lorenz-
like maps and their periodic orbits, there is still the need to develop an user
friendly software that could be applied by other mathematicians and for mod-
eling various phenomena, for example, spike patterns in CNV model (|2, 3|)
or mixed-mode oscillations in hybrid neuron models ([13]), where Lorenz-like
maps appear as a sort of reduction of higher-dimensional models.

* The presented work was supported by NCN (National Science Centre, Poland) grant
no. 2019/35/D/ST1/02253.
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This work is primarily motivated by a previous research of the CNV model
[2, 3] in which we address the importance and possible influence of identifying
itineraries of periodic orbits for the model. This paper introduces the algo-
rithms that allow to find itineraries of periodic orbits that can be applied not
only to the CNV model but to any Lorenz-like map.

The organization of the paper is as follows. Section 2 contains some prelim-
inaries of Lorenz-like maps, rotation theory, and Farey sequences. In Section 3
we recall definitions and results of fupos and Farey-Lorenz permutations. Our
proposed algorithms are introduced in Section 4 along with some examples of
their use in Section 5. Finally in section 6 we discuss the LZ-Complexity of
sequences generated by one of our main algorithms and make a complexity
comparison with other type of sequences (random and periodic.)

2. Preliminaries Below we present basic definitions and tools that are
used throughout the paper.

2.1. Lorenz-like maps A Lorenz-like map is a map f of an interval
[0, 1] to itself, for which there exists a point ¢ € (0,1) such that

e f is continuous and increasing (not necessarily strictly) on [0, ¢) and on
(¢, 1],

e lim, .- f(z) =1 and lim, ,.+ f(z) = f(c) = 0.

Set Ir, =[0,¢) and I = [c,1]. If f(0) > f(1), the Lorenz-like map f is called
non-overlapping. Otherwise, i.e., if f(0) < f(1), the map is called overlapping.
See Figure 1 for examples of both types of maps.

The itinerary of x € [0,1] under f is the sequence s(x) = (spsis2...)
where

o 0 if fi(z) €I,
T if fi(a) € Ig.

and f/(x) = fo---o f(x) denotes the j-fold composition of f with itself.

An important sub-class of Lorenz-like maps are expanding Lorenz maps:
An expanding Lorenz map is a map f: [0,1] — [0, 1] satisfying the following
three conditions:

e there is a critical point ¢ € (0,1) such that f is continuous and strictly
increasing on [0, ¢) and (¢, 1],

o lim, , - f(.%') =1 and lim, .+ f(.ili') = f(C) =0,

e f is differentiable for all points not belonging to a finite set Q C [0, 1]
and such that
inf {f'(z) | x €[0,1]\ Q} > 1.

However, our results herein hold for Lorenz-like maps in general (i.e. not
necessarily expanding).
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0 10 1

Figure 1: A non-overlapping map (left) and an overlapping map (right)

2.2. Rotation number
Unless otherwise stated we assume that f is a Lorenz-like map.

DEFINITION 2.1 For a point € [0, 1] and a positive integer n we will denote
by R(x,n) the number of integers i € {0,...,n — 1} such that fi(z) € Ig. If
the limit

p(x) = lim R(z,n)

n—o00 n
exists, we will call it the rotation number of x.

Immediately from the definition we obtain the following result.

PROPOSITION 2.2 If x is a periodic point of f of period p then p(x) exists
and is equal to R(z,p)/p.

2.3. Rotation number of non-overlapping Lorenz like maps
The following theorem is a well known result from [12].

THEOREM 2.3 (RHODES-THOMPSON) If f(0) > f(1), i.e., if the map is
nonoverlapping, then all points have the same rotation number.

In that case we will denote it by p(f).

2.4. Rotation interval of an overlapping Lorenz like map

Let f be a Lorenz-like map. If t € f(I)N f(Ir), then we define the water
map at level t by

oy = Jmax(t, f(z)) ifzelp,
e {min(t,f(x)) if z € Ip.
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The water map is indeed a Lorenz-like map and f;(0) = f;(1) (see Figure
2). Consequently, for fixed ¢, all points have the same rotation number p(f;)
for it. It is known that p(f;) is an increasing continuous function of ¢, and if
£(0) < f(1), then the set of the rotation numbers for f of all points having
rotation number is equal to the interval [p(ff(o)), p(ff(l))] (see, e.g. |1, 8] for
details). We will call it the rotation interval of f and denote it by Rot(f).

1 1

0 10 1

Figure 2: An overlapping map and its water map when ¢t = f(0).

2.5. Farey sequence In this section we recall several results on Farey
sequences, mainly from [9, Ch. 4], that will be used in our algorithms to
produce Farey sequences of an specific order.

DEFINITION 2.4 Let 7 and ZL—,/ be two adjacent fractions. The fraction ﬁigﬁl

is called the mediant of % and ’s—,,

For example, if we start with % and % we can produce the following se-
quences by inserting in each step the mediant of every pair of adjacent frac-
tions:

Notice that if we start this process with the pair % and %, we can construct
the set of all non-negative irreducible fractions.
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DEFINITION 2.5 The Farey sequence of order N, Fl, is the set of all frac-
tions in lowest terms and in increasing order, with denominators less or equal
than N. Fy can be obtained by starting with % and %, and inserting me-
diants whenever possible, considering the restriction of denominators. Two
consecutive elements of the Farey sequence of a given order are called Farey

neighbours.

For example,
0111231
F4:7777777777777'
1'4°3°2°3°4"1
m/
n’

It follows that m'n — mn’ = 1 whenever m

of a Farey sequence.

and are consecutive terms

It is simple to observe that F can be obtained from Fx_1 by inserting
%m, between two consecutive fractions 7* and Z’Z—,/ of Fiy_1 whose denomi-
nators sum to N. When N is prime, exactly new N — 1 fractions will appear,
otherwise the number new fractions will be less, because only new fractions

with numerators that are co-prime with N are generated.

For example, starting with

4
] ; ‘noe L 2 3 4.
F5 can be obtained by inserting ¢, £, £ and =:

g0 1112132341
1'57473’572°57374’5"1
The following result is formulated as Exercise 61 in Section 4 of [9]. It
forms a base for an easy inductive construction of the Farey sequence of the

order N and will be used in our algorithms.

PROPOSITION 2.6 Let 77, ’2—,/ and ’T’:—,l,/ be three consecutive elements of the
Farey sequence of order N, then:

m" = |(n+ N)/n'|m' —m

n" =|(n+N)/n'|n" —n

2.6. Periodic, aperiodic and essential binary sequences and es-
sential classes This subsection deals with finite binary sequence, which play
crucial role in our study of itineraries of Lorenz-like maps.

Recall that a finite binary sequence is called periodic if it can be written
as a repetition of a binary sequence of smaller length. For example: 010101 is
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periodic because it can be obtained by repeated appending of 01 to itself. A
finite binary sequence is called aperiodic if it is not periodic.

The set of all aperiodic binary sequences of the fixed length n can be
divided into classes in a such way that each class consists of all shifts of a given
sequence. These classes will be called essential. Now let us find formulas for
the number of all aperiodic binary sequences of the length n and the number
of corresponding essential classes.

Recall that the Mébius function pu: N — {—1,0,1} is given by:

0 if n has one or more repeated prime factors,
un) =<1 ifn=1,

(—=1)* if n is a product of k distinct primes .

The M6bius function appears in the famous Mébius inversion formula, which
gives a relation between pairs of arithmetic functions in terms of sums over
divisors. The notation a\b means that a divides b and ) d\n 18 the sum over
all divisors of n.

THEOREM 2.7 (INVERSION MOBIUS THEOREM) Assume that f and g are
functions from N to C. If g(n) =>4, f(d), then

f(n) = Zuw)g(j).

d\n

COROLLARY 2.8 Let f(n) be the number of aperiodic binary sequences of
length n. Then
d
f(n) =" p(d)2w

d\n

PROOF Note that the set of all binary sequences of the length n is a pairwise
disjoint union of the set aperiodic sequences of the length n and the sets of
periodic sequences with prime periods d dividing n (corresponding bijectively
to aperiodic sequences of the length d)). Thus

> fd)=2",
d\n

which, by Theorem 2.7, immediately gives our assertion. ™

Let us emphasize two important consequences of Corollary 2.8. Firstly,if
n is prime then f(n) = 2™ — 2. Secondly, the number of essential classes is
given by

al3

2 iy ()2

n

)
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because each essential class contains exactly n shifts of some aperiodic se-
quences of the length n.

3. Fupo theory
In this section we recall important definitions and results on fupos based
on [8].

A finite union of periodic orbits of f is called a fupo. For each fupo we will
consider its permutation, that is, if a fupo P consists of points z1 < - -+ < x,
and f(x;) = wy(;) for i = 1,...,n, then o is the permutation of P.

Permutations of fupos of Lorenz-like maps have a specific form. Namely, if
a fupo has n > 1 elements, then there exists k € {1,...,n — 1} such that o is
increasing on {1,...,k} and on {k+1,...,n}. We will call such permutations
(and the permutation of {1}) L-permutations. If our fupo is a periodic orbit,
then its rotation number is (n — k) /n.

Among L-permutations there are some special ones, which look like cyclic
permutations for circle rotations. A cyclic L-permutations o of {1,...,n} will
be called a twist permutation if o(1) > o(n). Similarly, a periodic orbit with
such a permutation will be called a twist orbit. It is easy to describe explicitly
a twist permutation of {1, ...,n} with rotation number j/n. Note that a twist
permutation of {1,...,n} with rotation number j/n has a form

o(i)=i4+j mod n.
In consequence, the kth term of the twist periodic itinerary is L if and only
(kp mod q) < q—p.

An L-permutation o of {1,...,p+q} will be called a Farey—Lorenz permu-
tation (or FL-permutation) if o consists of two cycles, both of them twist, of
period p and ¢, with rotation numbers a/p and b/q respectively, and a/p < b/q
are Farey neighbours, that is, bp = aq + 1.

Let us assume that ¢ is an FL-permutation with cycles of rotation numbers
a/p and b/q, where a/p < b/q are Farey neighbours and p < ¢. We will call
those cycles slow and fast, respectively. Note that:

e the slow cycle contains 1, and the fast cycle contains p + ¢,

e the fast cycle contains 2.

We will refer to P as the slow orbit and @) as the fast orbit. Let the points
of P be z1 < x2 < --- <z, and the points of Q, y1 < y2 < --- < y,. Denote
Ji=[z1,y1] and Jj = [y;-1,y;] for j=2,...,q.

PROPOSITION 3.1 With the notation we adopted,

f(-rz) = Zj4+a mod p and f(yj) = Yj+b mod q-
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The relative order of the points of the orbits P and Q) is given by the following
rule: x1 < yi; then fort=1,...,p—1,if j = 1+ia mod p andl =1ib mod q,
then yi—1 < xj <.

The following result describes the so-called fupo effect, i.e., the way, in
which a pair of special periodic orbits (fupo with FL) “produce” infinitely
many new periodic orbits with itineraries being concatenations of itineraries
of starting two periodic orbits (see Figures 3 and 4).

THEOREM 3.2 Let f be a Lorenz-like map. Assume that the rotation interval
of g contains the interval [a/p,b/q|, where a/p < b/q are Farey neighbours,
and p < q. Then

1. there exist periodic orbits P and Q, with rotation numbers a/p and b/q
respectively,

2. for each finite binary sequence being a finite concatenation of finitely
many itineraries of P and Q, there is a unique periodic orbit, which
itinerary corresponds to this sequence.

0.6 06 0.6
l/ 4 #
- .
0.5 - 0.5 e 0.5
/
0.4 A7 0.4 £ 0.4
P .
’ /, s
.
v
oz 0.4 0.5 06 03 04 0.5 06 0.3 0.4 0.5
u.a| = Y o
0.55| 0.55 h l h 0.55
0.5| 05 T‘ 0s ! A 5
" 0.45| 0.45 \ 0.45 T | ‘
T 04 04t 04 1 | I
0.35 | 0,38 0,35
0.2 0.3 0.3
| o] o i e ] [ 1= R S S [1 2§ Ry SR pa -
0 20 40 60 o 20 40 &0 a 20 40 60

n-th iteration

Figure 3: Fupo effect from Theorem 3.2 for periodic orbits with rotation num-
bers being Farey neighbours 1/2 < 2/3. The new periodic orbit has rotation
number 3/5.

REMARK 3.3 If a/p < b/q, but p > ¢, then we replace a/p by (p — a)/p and
b/q by (¢ —b)/q. Then, in the itineraries we replace symbols L by R and vice
versa.
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1/2
01

2/3
011

e

3/5
01011

Figure 4: Concatenation of itineraries for the Farey neighbours 1/2 < 2/3.

Theorem 3.2 is the main subject of interest of this paper and in what
follows we will study it from computational point of view. We provide algo-
rithms enabling the construction of periodic orbit itineraries as concatenations
of fupo provided by this theorem.

4. Algorithms In this section we present pseudo-codes of algorithms
implementing the theory included in previous theoretical sections, in partic-
ular allowing to calculate the rotation interval, its inner approximation by an
interval with endpoints being Farey neighbors and concatenations of corre-
sponding periodic orbits itineraries. Detailed algorithms have been coded in
MATLAB scripts and are freely available in open repositories || and [5].

4.1. Algorithms on rotation interval The definition of rotation in-
terval requires previous definitions of water maps and rotation number (see
Subsection 2.4 for details). The same order must be followed when listing the
algorithms. So let us start with the algorithm describing the construction of
water map. In fact, we define the whole family of water maps associated to a
given Lorenz-like map and parametrized by real parameter ¢.
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Algorithm 1 Construction of the water map for a given Lorenz-like map

Input: a Lorenz-like map f and a real number ¢

Output: the water map f;
1: procedure WATERMAP(f, t)
2 if x < d then > d is a discontinuity point of f
3 fi(x) + max (¢, f(z))
4 else
5: fi(z) <= min (¢, f(z))
6 end if

7 return the map f;

8: end procedure

According to Subsection 2.2 for non-overlapping Lorenz-like maps we can
define rotation number as a limit (see Definition 2.1), but the approximate
value of rotation number can be calculated using the following simple al-
gorithm. The larger number of iteration we take, the better approximation
we obtain, but the result will be always rational. Observe that the choice
of a non-overlapping Lorenz-like map determines the invariant interval (the
domain) and the discontinuity point.

Algorithm 2 Computation of the rotation number of a non-overlapping
Lorenz-like map

Input: a non-overlapping Lorenz-like map f, a discontinuity point d, an ini-
tial point of iterations z and a total number of iterations n
Output: the rotation number » > r is a rational number from the interval
0,1]
1: procedure ROTATIONNUMBER( f,d, z,n)
2 k<0
3 for i + 1 ton do
4 if d < z then > d is a discontinuity point of f
5: k+—k+1
6 end if
7 z 4+ f(z) > take the next iteration of f
8 end for
9 r<k/n
10: return the number r
11: end procedure
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Now, using two previous algorithms we can construct rotation interval
for an overlapping Lorenz-like map. Rotation interval is determined by its
endpoints, which are rotation numbers of two water-maps being in turn a
non-overlapping Lorenz maps.

Algorithm 3 Computation of the rotation interval of an overlapping Lorenz-
like map

Input: an overlapping Lorenz-like map f, a discontinuity point d, an initial
point of iterations z and a total number of iterations n
Output: the endpoints of rotation interval [rg, r1].
1: procedure ROTATIONINTERVAL(f,d, z,n)
2 fdown < WATERMAP(f, f(0))
3 fup + WATERMAP(f, f(1))
4: 7o <~ ROTATIONNUMBER ( fgown, @ 2, M)
5 71 <~ ROTATIONNUMBER( fyp, d, 2, 1)
6 return two numbers rg,r7; > rg, r1 are rational and 0 < rg <r; <1
7: end procedure

4.2. Three auxiliary algorithms on finite sequences In what follows
we will use three simple auxiliary algorihtms related to finite sequences. Two
first ones work with finite increasing sequences of real numbers. The third
one concerns finite binary sequences.
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Algorithm 4 Searching for the longest subinterval B = [a, b] of an increasing
finite sequence A such that a, b are consecutive elements in A

Input: an increasing list of real numbers A
Output: the longest subinterval B > ends of B must be consecutive
elements of A
1: procedure LONGESTSUBINTERVAL(A)
2: B+ ] > B is an empty list
3: n < LENGTH(A) > LENGTH(A) returns the number of elements of
the sequence A

4 if n <1 then

5 return B

6: else

7: a <+ A[l]; b+ A[2]

8 end if

9: for i +— 3 ton do

10: if Afi] — A[i —1] > b—a then

11: a+ Ali — 1]; b+ A[i]

12: end if

13: end for

14: B+ [a 0]

15: return the two-element list B > elements of B are real and
increasing

16: end procedure

The algorithm below produces a sub sequence B of a finite increasing
sequence A, which is contained in a fixed interval [a, b].

Algorithm 5 Searching for subsequence contained in a fixed interval
Input: an increasing list of real numbers A and a < b endpoints of the

interval

Output: the subsequence B of A contained in [a, b]

1: procedure SEQINSIDEINTERVAL(A, a, b)

2 B ] > B is an empty list
3 n < LENGTH(A)

4 for i + 1 ton do

5: if a < A(7) < b then
6 B+ [B A(3)]

7 end if

8 end for

9: return the sequence B > B is an increasing list of real numbers
10: end procedure

The following algorithm allows to produce a binary sequence T, starting
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from three binary sequences S, A and B, by taking sequence S and replacing
each 0 element in S by sequence A and each 1 by sequence B.

Algorithm 6 Replacing all occurrences of 0 with A and 1 with B in a given
binary sequence S

Input: three finite binary sequences S, A, B

Output: the finite binary sequence T'

1: procedure SUBSTITUTION(S, A, B)

2 T« ] > T is an empty array
3 n < LENGTH(S)

4 for 1 <+ 1 ton do

5: if S(i) = 0 then
6

7

8

9

T« [T A
else
T « [T B]
end if
10: end for
11: return the sequence T’
12: end procedure

4.3. Algorithms on Farey numbers and sequences
The following algorithm allows to generate the Farey sequence of order n,
based on the formula given in Proposition 2.6.

Algorithm 7 Generating the Farey sequence of order n

Input: a natural number n

Output: the Farey sequence A of n-th order.
1: procedure FAREYSEQUENCE(n)

2 A« [0] > one-element list containing 0
3 a+—0;b1;c+1;,d<n

4: while ¢ < n do

5: k<« [(n+0b)/d]

6: Qnew < C; bnew ¢ d; Chow < k- Cc—a; dpew < k-d—0

7 @ 4 Anew; b < bnew; € <= Cnew; d < dnew

8 A<+ [A a/b

9: end while

10: return the Farey sequence A

11: end procedure

The algoritm below produces the best approximation of a given interval
[a,b] C [0,1] by a subinterval [a/,b'] C [a,b] with endpoints o’ and ¥’ being
Farey neighbours in a Farey tree of depth n, where by the best approximation
we mean the longest subinterval among such subintervals.



258 On computing periodic orbits itineraries for Lorenz-like maps

Algorithm 8 Approximation of a given interval from inside by Farey neigh-
bours
Input: a natural number n and ends of the interval [a,b] > n corresponds to
the deepest examined Farey level
Output: the two-element list C' of Farey neighbours approximating the in-
terval [a, b] from inside
1: procedure OPTIMALFAREYNGHBS(n, a, b)
2 for s <+ 1tondo
3 A < FAREYSEQUENCE(?)
4: B <+ SEQINSIDEINTERVAL(A, a, b)
5: C + LONGESTSUBINTERVAL(DB) > C may be empty
6
7
8
9

if C is non-empty then
break > use first non-empty C found and do not go deeper
end if
end for
10: return the two-element list C
11: end procedure

The next algorithm allows to computes the itinerary of a g-periodic orbit
with rotation number p/q, according to the formula in Proposition 3.1. The
itinerary will be a chain of 0 and 1, representing positions to the left or right
hand side of the discontinuity point of the Lorenz-like map as stated directly
in Subsection 2.1.

Algorithm 9 Creating the itinerary of a periodic orbit with rotation number

p/q
Input: two natural coprime numbers p < ¢

Output: the itinerary A > A is a binary sequence of the length ¢
1: procedure ROTATIONSEQUENCE(p, q)
2: for i + 1 to q do
3: if REM((¢ —1)p,q) < ¢—p then > REM(a,b) is the remainder
after division of a by b
4: A(Z) 0
5: else
6: A(Z) —1
7 end if
8: end for
9: return the binary sequence A

10: end procedure

4.4. Algorithms on essential patterns and general concatena-
tions
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The following algorithm produces all essential patterns. Recall that essen-
tial patterns form a subset of all binary sequences of a given length. Roghly
speaking essential means here: not being of a smaller period and not being a
shift of other pattern.

Algorithm 10 Generating the sequence of all essential patterns of length n.

Input: a natural number n
Output: the finite sequence A of all essential sequences > terms of A are
binary sequences of length the n
1: procedure ESSENTIALSEQ(n)

2: A < BINARY(n) > BINARY(n) is the sequence of all binary sequences
of the length n
3: j 1
4: while j < LENGTH(A) do > remove all smaller periods
5: if A[j] is periodic of period smaller than n then
6: REMOVE(A, A[j]) > REMOVE(A, A[j]) removes A[j] from A
and reduces LENGTH(A) by 1
7: end if
je—j+1
: end while
10: m <1
11: while LENGTH(A)—m > 0 do > remove all shifts of A[m)]
12: 1+ m-+1
13: while i < LENGTH(A) do
14: if A[i] is a shift of A[m] then
15: REMOVE(A, Ali])
16: end if
17: end while
18: m<—m+1
19: end while
20: return the finite sequence A of finite binary sequences > each term

of A has the length n
21: end procedure

In turn, the algorithm ESSENTIALCONCAT produces all possible concate-
nations of two sequences A and B, generated on the base of all essential
patterns of a given length n. Roughly speaking, we just replace 0 by A and
1 by B in all essential patterns produced by the previous algorithm ESSEN-
TIALSEQ.
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Algorithm 11 Generating essential concatenations of two finite binary se-

quences

Input: a natural number n, two finite binary sequences A and B

Output: the sequence C of concatenation of A and B according to all essen-
tial patterns of length n

: procedure ESSENTIALCONCAT(n, A, B)

—_

2: P < ESSENTIALSEQ(n) > P is a finite sequence of finite binary
sequences of length n

3: m < LENGTH(P) > m is the number of all essential sequences of
length n

: for ¢ < 1 tom do

5: C[j] < SuBsTITUTE(P]j], A, B) © both P[j] and C[j] are finite
binary sequences

6: end for

: return the finite sequence C' of concatenations > the terms of C are
of different length
8: end procedure

4.5. Main algorithm

The final effect of our construction is the following complex algorithm
FurPoCONCAT, that resembles a script combining the main previous algo-
rithms. Let us discuss briefly how it works:

1. firstly we compute the rotation interval corresponding to an overlapping
Lorenz-like map (procedure ROTATIONINTERVAL),

2. then we find optimal Farey neighbours a/p < b/q inside this rotation
interval (procedure OPTIMALFAREYNGHBS),

3. next we generate finite itineraries A an B corresponding to this Farey
neighbours (procedure ROTATIONSEQUENCE),

4. finally we generate all essential concatenations of A an B following the
set of essential patterns (procedure ESSENTIALCONCAT).
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Algorithm 12 Main procedure — generating concatenation of itineraries of
fupo

Input: an overlapping Lorenz-like map f, the discontinuity point ¢, the initial
point x, the total number of iterations n, the Farey level m and the length
of concatenation pattern k

Output: the finite sequence C of concatenations of itineraries of fupo

1: procedure FUPOCONCAT(f, ¢, x,n,m, k)
2 [ s] <~ ROTATIONINTERVAL(f, ¢, z,n) > r < s are real numbers
3: X +OPTIMALFAREYNGHBS(m, 1, §)
4 if X is empty then © X is empty if we are not deep enough in the
Farey tree
5: C «+[] > procedure terminated unsuccessfully; assign an empty
list to the output
6: else
7: [u v] <~ X > success; u < v are Farey neighbours in the form of
irreducible fractions
8: end if
9: [a p] + NUMDEN(u) > NUMDEN(u) returns the numerator and
denominator of the fraction u
10: [b q] < NumMDEN(v)
11: if p > q then > the basic case is p < g; the case p > ¢ requires
technical adjustments (some swaps)
12: olda < a; oldp < p
13: a—q—b;p+q
14: b < oldp — olda; q < oldp
15: end if
16: A <~ROTATIONSEQUENCE(a, p)
17: B +~ROTATIONSEQUENCE(, q)
18: if p > g then > one more adjustment in the non-basic case p > ¢
19: A«—1-A > replacing in A all 0 by 1 and vice versa
20: B+~ 1-B > the same for B
21: end if
22: C <—ESSENTIALCONCAT(k, A, B)
23: return the finite sequence C of finite binary sequences © the terms

of C' have different lengths
24: end procedure

The tree from Figure 5 depicts the relation between all twelve algorithms
from Section 4 using the abbreviations from Table 1.

5. Examples

We use MATLAB programs, implementing the algorithms developed in
previous sections, and included in open repositories || and [5] to show some
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Table 1: Abbreviations of names the algorithms.

’ abbreviation ‘ Algorithm Name ‘

FC FupoConcat
EC Essential Concat
ES EssentialSeq
RS RotationSequence
OFN OptimalFareyNghbs
FS FareySequence
S Substitution
SII Seqlnsidelnterval
LS LongestSubinterval
RI RotationInterval
RN RotationNumber
WM WaterMap

FC

P

OFN RS EC

RI
/ N\ SN N

RN WM FS SII LS ES S

Figure 5: The relation between the algorithms.

particular numerical examples. The first two examples of Lorenz-like maps are
beta transformations T' = Bz + « where the discontinuity point is d = 177“,
while the example 3 depicts a quadratic Lorenz-Like map with discontinuity
point in d = %

For convenience we denote itineraries of periodic orbits by 0-1 sequences,
instead of L-R sequences (i.e. 0 and 1 replace, respectively, L and R in en-
coding periodic orbits). Moreover, let a’ denote the repetition of the symbol
or string a for i times.

Let us now describe the course of our simulations. First, we compute the
rotation interval of a given Lorenz-like map (see Algorithms 2 and 3). Then
we find inside the rotation interval the longest subinterval which endpoints

are Farey neighbours (Algorithms 8). Finally, we produce

e finite periodic parts of the itineraries corresponding to these Farey
neighbours according to the formula from Algorithm 9 (denote these
parts by X and Y),
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e all concatenations of X and Y of a given order n, i.e., formed by tak-
ing n blocks (each of them is X or Y') concatenating all of them (see
Algorithms 11 and 12 for details).

; / / ‘ J / | /_ ///

Figure 6: Plots of the maps from Examples 5.1, 5.2 and 5.3 (from the left to
the right)

EXAMPLE 5.1 Our first example is a beta transformation: T'(z) = 1.792 +
0.15 with a relatively large slope (see left panel of Figure 6). This is in turn re-
flected in the relatively large rotation interval, which is equal to [0.333,0.75].
Now we approximate the rotation interval from inside with Farey neighbours:
1/2 < 2/3 (see Algorithm 8 for details) and produce the corresponding con-
catenation of order 7, which are presented in the last column of Table 2.

EXAMPLE 5.2 In this example we consider beta transformation T'(x) = 1.19z+
0.45 with a slope closer to the identity map. It is depicted in Figure 6 (mid-
dle panel). Its rotation interval obtained is [0.5;0.555]. The respective Farey
neighbours are 1/2 < 5/9 and the concatenations of order 7 are included in
Table 3.

ExAMPLE 5.3 For this example, we consider the following nonlinear Lorenz
map:

2 1 : 1
T(x:{x +x+ 3 if 0 <z <3,

—2?+3z -5 if3<a<l,

with graph depicted in Figure 6 (right panel). Here rotation interval obtained
is [0.4,0.6] and Farey neighbours are 2/5 < 1/2. Table 4 presents the con-
catenations of order 6.
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Table 2: Concatenations for Example 5.1

’ rotation interval ‘ Farey Neighbours ‘ Concatenations of order k =7

[0.333 , 0.75] 1/2 (01)71

2/3 01)%1011

(10211

)51012012
)*(10)*1

(01)*(10)21201?

(01)*101%(01)%1

(
(01
(01
(01

(0 )4 10120%012
(01)%(10)212012
(01)3(10)212(01)21
(0 )3(10)21%2012012
(01)31012(01)%1012
(01)31012012(01)21
(01)3101%01%01%012
(01)%(10)21(10)21%012
(01)2(10)212012012012
(01)2101%(01)2101%012
(01)2101201%012012012

6. Analysis of the sequences

The complexity of a finite sequence may be interpreted as the extent to
which a sequence resembles a random one [10]. In this section, we will ex-
amine the complexity of the sequences generated by our Essential Sequences
algorithm (EssentialSeq), by means of the theory of LZ algorithms, proposed
by Abraham Lempel and Jacob Ziv.

Among the many variants of the LZ algorithms, we rely on the 1976 version
(LZ76) introduced in [10]. The algorithm examines the complexity of finite
sequences, based on the number of steps used in its production process. In
particular, it is proposed to examine the complexity of finite sequences from
the point of view of a ’'learning process’, that scans a finite sequence from left
to right and adds a new word to its memory every time a new substring is
found. The size of the vocabulary and the rate of finding new substring are
the key factors for determining the complexity of the sequence. Additional
details of the complexity calculation can be found in [10].

The figures below allow us to analyze and compare the complexity of
random and periodic sequences, and the ones generated by the EssentialSeq
algorithm. Two types of complexities are used to evaluate a string: exhaustive,
that can be considered a lower limit of the complexity measurement proposed
by Lempel and Ziv, and primitive, that may be an upper limit. The LZ-
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Table 3: Concatenations for Example 5.2

rotation interval | Farey Neighbours Concatenations of order kK =7
| | |
[0.5, 0.555] 1/2 (01)191
5/9 (01)%(10)*12
(01)8(10)°12
(01)3(10)*1(10)*12
(01)7(10)612
(01)7(10)51(10)*12
(01)7(10)*1(10)512
(01)7(10)*1(10)*1(10)*12
(01)%(10)51(10)*12
(01)%(10)51(10)512
(01)%(10)°1(10)*1(10)*12
(01)5(10)*1(10)°1(10)*12
(01)%(10)41(10)*1(10)512
(01)%(10)*1(10)*1(10)*1(10)*12
(01)%(10)°1(10)51(10)*12
(01)®(10)°1(10)*1(10)*1(10)*12
(01)®(10)*1(10)51(10)*1(10)*12
(01)%(10)41(10)#1(10)*1(10)*1(10)*12

complexity has been calculated using the MATLAB code proposed in 2012
by Quang Thai ([14]) and referred here to as LZ76-algorithm.

In Figure 7 we compare the LZ-Complexity of three types of finite se-
quences: random, periodic and essential concatenations. To produce essential
concatenations we start with the two basic itineraries, A and B, and then
concatenate them n times following essential sequence patterns (see algo-
rithm 11). Next, for a fixed n, we calculate the average LZ-Complexity of all
essential concatenations. This value is represented on the y-axis. Finally we
compare it with the average complexities of random sequences with the same
length as essential concatenations and periodic sequences being concatenation
of n times of A.

In Figure 8 we see the distribution of the values of the LZ-Complexities of
random(red) and essential concatenations(blue) sequences. Let us note that
we obtain not only different averages (as in Figure 7) but the distribution of
essential sequence is much less dispersed around the average value.

As it could be expected we see that:

e LZ-Complexity of random sequences (primitive and exhaustive) is much
higher than complexity of essential concatenations and periodic se-
quences.

e Complexity of essential sequences is close to complexity of periodic se-
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Table 4: Concatenations for Example 5.3

’ rotation interval ‘ Farey Neighbours ‘ Concatenations of order kK = 6
0.4, 0.6] 2/5 (01)71
1/2

25H—*—¢cp B
L|-°-ce
e
re
pp

o1 pe 4

Figure 7: Average complexity (vertical axis) of random (rp,re), periodic
(pp,pe) and EssentialSeq(cp,ce) sequences using LZ76-algorithm with primi-
tive (_p) and exhaustive (_e) complexities. The horizontal axis corresponds
to the number of sequences examined.

quences, however the first one is a little bit higher.

e Only primitive LZ-Complexity of random sequences increases with the
length of sequences, all other LZ-Complexities are decreasing or become
constant.

7. Discussion

Let us briefly summarize the presented results. We propose a series of al-
gorithms that allow, starting with a Lorenz-like map, to calculate its rotation
number and rotation interval, compute the itinerary of a periodic orbit based
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Figure 8: Histogram of average of L.Z Complexities for sequences generated
by EssentialSeq (blue) and Random sequences (red). The complexity was
calculated using primitive version of LZ76-algorithm.

on Proposition 3.1; approximate the limits of its rotation interval by two
Farey neighbours, and finally to generate concatenation of itineraries of finite
union of periodic orbits. Additionally we present some examples of Lorenz-like
maps, linear and non-linear, and the output of our algorithms.

Lastly, in order to asses the complexity of the sequences generated by
FupoConcat, we perform an analysis and comparison, in terms of LZ-complexity,
of our sequences with periodic and random ones and conclude that our se-
quences have, on average, better LZ-complexity values.

Possible extension of this work could include investigation of longer con-
catenations of periodic orbit itineraries which however might be a computa-
tional challenge (because of the exponential growth of calculations in both
obtaining the itineraries and their LZ-complexity).

Note also that here we calculate itineraries of periodic orbits on algebraic
level, i.e. by rotation numbers and concatenations but we can also extend
our computer programs to calculate (numerically) itineraries of general orbits
(i.e. their starting finite parts) and then compare LZ complexity of itineraries
of such non-periodic orbits with complexity of random sequences. In fact,
our preliminary investigation shows that LZ complexity of itineraries of non-
periodic orbits of the maps investigated in the current work is only a bit lower
than this if random binary sequences of corresponding length.
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Obliczanie tras okresowych dla odwzorowan Lorenza.
Frank Fernando Llovera Trujillo

Streszczenie Istnienie i struktura orbit okresowych stanowiag istotng czes¢ badan
uktadéw dynamicznych. Obliczenia analityczne sa jednak mozliwe tylko w nielicz-
nych przypadkach, a numeryczna identyfikacja orbit okresowych jest wykonalna je-
dynie wtedy, gdy sa one atraktorami dla duzego zbioru warunkéw poczatkowych.
Stanowi to szczegblne wyzwanie, zwlaszcza w ukladach chaotycznych. W niniej-
szej pracy, opierajac sie na teoretycznych wynikach W. Gellera i M. Misiurewicza
(2018), przedstawiamy procedure umozliwiajaca okreslenie trajektorii zdecydowanej
wiekszosci orbit okresowych odwzorowan typu Lorenz. Podajemy takze konkretne
algorytmy wraz z gotowymi do uzycia narzedziami obliczeniowymi, dostepnymi w
otwartych repozytoriach. Poniewaz odwzorowania Lorenza wystepuja jako podu-
klady wielu zlozonych modeli i sa powszechne w réznych zastosowaniach, nasze wy-
niki otwieraja nowe mozliwosci badania ich okresowej struktury.

2010 Klasyfikacja tematyczna AMS (2020): Primary: 37TE05, 37-04; Secondary:
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